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GENERALIZATION OF THE GROUPS OF GENUS ZERO* 
BY 
G. A, MILLER 


One of the most important systems of groups is that which is composed of all 
the groups which may be defined by the orders of two generators (s,, s,) and 
the order of their product. It is known that these three orders determine a 
finite group only when one of them is unity, when two of them are equal to 2, 
or when one is 2 while the other two are one of the following three pairs of 
numbers: 3,3; 3,4; 3,5.¢ The first of these sets of orders define a cyclic 
group and may be regarded as trivial. When the order of two among the three 
operators 8,, 8,, 8,8, is equal to 2, the group {s,, s,}, generated by s,, s,, is 
the dihedral rotation group whose order is twice that of the third operator. 
This useful category has recently been generalized under the heading, 7’he 
groups generated by two operators which have a common square.t This gen- 
eralized category could also be defined as the set of groups generated by two 
operators such that the square of one of them is equal to the square of their 
product. 

The object of the present paper is to complete this kind of generalization for 
the dihedral rotation group and to extend it to the other groups of genus zero. 
The resulting groups have a two-fold interest in view of their close contact with 
the important system of groups of genus zero and their elementary structures. 
It is believed that a complete list of these groups will prove very useful in many 
investigations. Our object is to study all the groups which result when one of 
the three conditions which may be used to define a group of genus zero is pre- 
served while the other two are replaced by a single one of an elementary type. 
For instance, the dihedral rotation groups are defined by the conditions § 


s3=1, =1. 


In the generalization mentioned above these conditions are replaced by 


* Presented to the Society at the New Haven meeting September 3, 1906. Received for pub- 
lication July 11, 1906. 
+ American Journal of Mathematics, vol. 24 (1902), p. 96. 
tArchiv der Mathematik und Physik, vol. 9 (1905), p. 6. 
§ Throughout the paper care has been taken to insure that, when one of the given generational 
relations of a group is s* —1, the operator s shall be of order n. 
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—1\n __ 
(s,8;')*=1. 
A similar generalization is given by the equations 
== 83, =1 (n>2). 


We proceed to consider the groups whose generators satisfy the last equation. 
From (s,s;')*=1 it results that s,s;'s,=s,. Hence s;'s,s,=s}~' and 
Since s} is invariant under { s,, s,} it is necessary that n? —n =n (mod m), 
m being the order of s,. That is, m must divide(n—1)?—1. Since {s,, s,} 
is generated by s, and s,s;' and since the latter transforms the former into its 
(n — 1)-th power, the order of {s,,s,} is 2m. These results may be expressed 
as follows: Jf the two generators of a group satisfy the conditions s* = 8}, 
(s,s7') =1, n> 2, it is non-abelian, involves a cyclic subgroup of half its 
order, and an additional operator of order 2 which transforms each operator 
of this cyclic subgroup into its (n —1)-th power. 

For m =n this category of groups reduces to the dihedral rotation groups. 
It is clear that we may assume that m =n; for, if m were less than n, the 
number x could be replaced by n — km, where k is arbitrary. The invariant 
operators of { s,, s,} constitute a subgroup whose order is the highest common 
factor of m andn—2. With respect to this subgroup the quotient group of 
{s,, 8,} is a dihedral rotation group. If H represents any Sylow subgroup of 
odd order in { s,, s,}, then either s, is commutative with each operator of H or 
it transforms each of these operators into its inverse. In the former case the 
order of s, is divisible by that of 7. In the latter case the orders of s, and H 
are relatively prime. The numbers x and m cannot be relatively prime since 
{ s,, 8,} is non-cyclic. For the same reason s, must be of even order, as is also 
otherwise evident. 

It may be added that if is replaced by n’ = m —n, the given equations 
become 

(44)=1 (Ww <m—2), 


Hence these equations define the same system of groups as those given above. 
Similar remarks apply to the system defined by the equations ¢] = ¢?, (¢,t,)"=1. 
Since the dihedral rotation groups constitute an infinite system it is necessary 
that the generalization of the conditions satisfied by its generators are also satis- 
fied by the generators of an infinite system of groups. The other groups of 
genus zero are defined as individuals, and the corresponding generalizations are 
satisfied by a very small number of groups. 


$1. Generalization of the tetrahedral group. 


It is known that any two operators of order 3 whose product is of order 2 
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generate the tetrahedral group. That is, this group is completely defined by 
two operators s,, s, which satisfy either of the following sets of conditions : 


1= 8, =1, (8,8, =1; sj = 8} =1, (s,8,)/?=1. 
We proceed to consider the groups which satisfy the more general equations 
si = 8), (8,8, =1; si = 8), (s,8,)*=1. 


We begin with the first of these two cases ; that is, we consider all the groups 
which are generated by two operators having a common cube and a product of 
order 2. 

The three operators s,s,, 8,8,, 8;' 8,8; are conjugate under s, and the product 
of the last two is s} si = s,s,-s' since s,8s,= s;'s;'. As s,s, transforms this 
product into its inverse and is commutative with s° the order of s, must divide 
24. As it is a multiple of 3 it has one of the three valuees 24, 12,6,3. If 
this order is 24 the two operators of order two s,s,, s;'s,s; generate the octic 
group since s;s? is of order 4. This octic group and s° generate an invariant 
subgroup of order 16 since it is transformed into itself by s, and also by s,. 
As this invariant subgroup contains the quaternion group as a characteristic 
subgroup, this quaternion group and s‘ generate the group of order 24 which 
does not involve a subgroup of order 12. Hence the given group of order 
16 and s} generate the group of order 48 known as G,,.* As this involves s° 
and s* it also involves s?. If we extend it by means of s* there results a group 
of order 96 which involves both s, and s, and hence is {s,,s,}. As 8? is 
invariant under { s,, 8, } there is only one such group.t It may be represented 
as a substitution group of degree 32 by means of 


8, = acce'eg'ga mp 
s, = am ip’: bd'df fi'hb’. 


When s, is of order 12 the two operators s,s,, s;' s,s; are commutative since 
their product is of order 2. Hence {s,s,, s;'s,s?} is the four-group. This 
four-group and s° generate the group of order 8 which involves seven operators 
of order 2. This is invariant under {s,,s,}. Since the group of isomorphisms 
of this group of order 8 is known, it is known that s* and one of its subgroups 
of order 4 generate the tetrahedral group. Hence {s,, s,} is the direct pro- 
duct of this tetrahedral group and s?. When s, is of order 6, the four-group 
{s,8,, involves s,s,, and together with generates the tetrahedral 
group. Hence {s,, s,}, in this case, is the direct product of the tetrahedral 
group and the group of order 2. These results may be expressed as follows: 


*Quarterly Journal of Mathematics, vol. 30 (1898), p. 258. 
t Bulletin of the American Mathematical Society, vol. 3 (1897), p. 218. 
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There are exactly four groups whose two generators s,, 8, satisfy the relations 
si = 83, (s,8,)”=1. They are the tetrahedral group; the direct products 
of the tetrahedrl group and the cyclic group of order 4 or the group of order 
2; and the group of order 96 considered above. 

The second generalization of the tetrahedral group relates to the groups whose 
two generators satisfy the equations 


The three conjugates of s, under s, are 


8,5 8,825 85" 8, 8). 
As these conjugates have a common square we are concerned with a generaliza- 
tion of the dihedral rotation group. Multiplying the second into the inverse of 


the third, we get 


Since s° is transformed into its inverse by sy's,s, and sj is invariant under 
{ s,, 8,} it follows that the order of s, divides 20. If the order of s, is 20 we 
consider the group generated by s*=¢,, s}°=¢,. From the fact that 
(s?° = it results that t}=¢} and (¢,¢,)»=1. Hence 
{t,, ty't,t,, t7°t,¢} is the quaternion group, which is invariant under {¢,, ¢, } 
since it includes ¢, and is transformed into itself by ¢,. This quaternion group 
and ¢, generate the group of order 24 which does not contain a subgroup of order 
12. Hence this is { ¢,, ¢,}, while { s,, s,} is the direct product of { ¢,, t,} and 
the cyclic group of order 5 generated by s}. 

When the order of s, is 10, it follows from the preceding paragraph that 
{ si, s}?} is the tetrahedral group and that {s,, s,} is the direct product of 
this group and the cyclic group of order 5. These results may be expressed as 
follows: There are exactly four groups whose two generators satisfy the con- 
ditions s}=83,(s,8,)®»=1. They are the tetrahedral group, the group of 
order 24 which does not contain a subgroup of order 12, and the direct pro- 
ducts of these groups and the cyclic group of order 5. As only one of these 
groups occurs among the four given above we have seven distinct groups result- 
ing from one or the other of the given generalizations of the defining equations 
of the tetrahedral group. 

It may be of interest to note how a slight change in these generalizations may 
affect the system. Instead of the equations s*? = s}, (s,s,)? = 1, we proceed to 
consider s} = 8}, (8,s;')?=1. The three conjugates s,s>', s;'s,, are 


commutative and constitute, together with the identity, the four-group since 


—2 —1\-—1 __ ; ig] ; 
8;*8s? =(s8,s;')-'=s8,8;'. This four-group is invariant under {s,, s,} and has 


2 $ 
(8,8, ) =1. 
= s—'8. = 8° 
| 
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only the identity in common with the cyclic group generated by s*. Hence the 
theorem : 

Two operators s,, 8, which satisfy the conditions s} = s3 and (s,s;')? =1 
generate the group which may be obtained by establishing a (4, h) isomorphism 
between the tetrahedral group and a cyclic group of order 3h, where 3h is the 
order of s, .* 

Since there is one and only one such group for every value of 1, a group is 
completely defined by the value of A and the given equations. In particular, 
when A = 1, {8,,8,} is the tetrahedral group. When ih is prime to 3, {s,, s,} 
is the direct product of the tetrahedral group and the cyclic group of order h.+ 

Similarly, the second set of equations given at the beginning of this section 
may be replaced by s} = s} and (s;'s,)*>=1. The three conjugates of s, under 
8, are 


The product of the second into the inverse of the third is sy's,s~!s? = s>!. 
Since sy's,s, transforms s, into its inverse and is commutative with s; the order 
of s, is either 2 or 4. In the former case {s,, s,} is the tetrahedral group. In 
the latter case, {s,, s7!s,s,, s7*s,s?} is the quaternion group. As this is 
invariant under { s,, s,} we have the result: Jf the two generators of a group 
satisfy the conditions s} = 8°, (s;'s,)’ = 1, it is either the tetrahedral group 


or the group of order 24 which does not contain a subgroup of the order 12. 


§ 2. Generalization of the octahedral group. 


The octahedral group is completely defined by the fact that it may be gen- 
erated by two operators of orders 2 and 4, respectively, such that their product 
is of order 3. That is, s,, s, define the octahedral group provided they satisfy 
the equations sj = s}= 1, (s,s,)*=1, and the orders of s,, 8, are 2 and 4 
respectively. We shall now consider the generalization of the octahedral group 
given by the equations sj = s}, (s,s,)° = 1. 

It will be convenient to consider the three conjugates of s} under s,s,. 


These are 
2 —1 2 e—1 __ 2 
* ha, %, 8, 8,958; ' 8, 5;"'. 


The form of the last one of these three conjugates results from the fact that 
(s,8,)~? = 8,8, since (s,8,)*=1. These conjugates have a common square since 
si is invariant under {s,,8,}. The group generated by any two of them is 
therefore a generalized dihedral rotation group. We shall consider the group 

*Bulletin of the American Mathematical Society, vol. 1 (1897), p. 218; ef. 


MANNING, Transactions of the American Mathematical Society, vol. 7 (1906), p. 
233. 


+ Transactions of the American Mathematical Society, vol. 1 (1900), p. 67. 


—2e @2 
8,, 8;'8,8,, 8,8). 
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generated by the last two. The product of the third into the inverse of the 
second is 8, & 838, 8 = 8,8;' 8, 8,83 = = for, from the 
given conditions we have (s;'s;')* = (s;'s;')* = 1, and therefore 


(8, = (sis;' sz’) = sf or (8, 87")? = 8,8}. 


Since s, s3s;' transforms s}* into its inverse and has a common square with s3, 
the order of s, is a divisor of 72. The group generated by sy' sy" s}s,s, and 
8, 828;' contains s3 since it contains both s} and s}°. This group is transformed 
into itself by s,, since this operator transforms the latter generator into the 
former, as 8, 83s;' = sy;'s3s,, and also transforms their product into itself. 
Hence it is also transformed into itself by s,, as it is transformed into itself by 
8,s,. That is, s?, sy's;'s}s,s,, 8,8;8;' generate a subgroup which is invariant 
under {s,, s,}. When this subgroup is extended by means of s,s, there 
results another invariant subgroup since s,s, = (s;'sy')~’, 8,8, = 83, 
and s}, s; are in the preceding invariant subgroup. The order of {s,, s,} 
must therefore divide the product obtained by multiplying the order of 
{ sy's7's}s,8., 8,838;'} by 6. That is, this order divides 64-18 = 432. 

If the order of s, is 72, the group generated by s}, sy's;'s}s,s,, 8,838," is of 
order 72, and its invariant operators constitute the cyclic group of order 18. 
It may be defined by the fact that it is non-abelian and contains more than one 
cyclic subgroup of order 36. Its three cyclic subgroups of order 36 are conju- 
gate under s,s, and its cyclic subgroup of order 18 is composed of the invariant 
operators of {s,,8,}. By extending this group of order 72 by means of s,s, 
there results the direct product of the cyclic group of order 9 and the group of 
order 24 which does not contain a subgroup of order 12. As this direct product 
contains just three subgroups of order 24, one of them is transformed into itself 
by s, and includes s}°. This subgroup and s} generate a group of order 48, 
known * as G,,, and hence { s,, s,} is the direct product of the latter and the 
eyclie group of order 9. That is, if s,, s, satisfy the conditions s;= 8}, 
(8,8,)° = 1, then either they generate the direct product of the cyclic group of 
order 9 and the group of order 48 known as G‘,, or they generate a quotient 
group of this direct product. 

If the order of s, is 36, the three operators 8}, sy' sy' 83s, 8,, 8,838,’ generate 
a group of order 36. As this is abelian and contains three cyclic subgroups of 
order 18 it is the direct product of the four-group and the cyclic group of order 
9. By extending it by means of s,s, we obtain the direct product of the alter- 
nating group of order 12 and the cyclic group of order 9. Hence { s,, s,} is the 
direct product of the symmetric group of order 24 and the cyclic group of order 
9 whenever the order of s, is 36. If the order of s, were not divisible by 4, 


*Quarterly Journal of Mathematics, vol. 30 (1898), p. 258. 
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s} woul’ be equal to the square of a generator of s, and hence we would be 
dealing with a group generated by two operators having a common square. 
Hence it is only necessary to consider the cases when the order of s, has one of 
the following values: 4, 12, 8, 24. In the first two cases, we arrive at the 
symmetric group of order 24, or the direct product of this and the group of 
order 3. In the last two cases we arrive at the group of order 48 considered 
in the preceding paragraph or the direct product of this and the group of order 
3. As the considerations are similar to those given above, it seems unnecessary 
to enter into details, especially since the quotient groups mentioned at the end 
of the preceding paragraph are so well known from the fact that G,, has a (2,1) 
isomorphism with the symmetric group of order 24. 

A similar generalization of the definition of the octahedral group is given by 


the equations 
2 3 om 
= 825 (8,8) =1. 


To find an upper limit for the order of s, we may consider the following product 
of two conjugate operators of order 2: 


( 8,8, 8,8, 8, 8,8, = (8 8,8, 8; 8, 8,)” = 81 8,8, 8) 8, 8, 8, 8, 8,8, = 83”. 
As 83° is both commutative with (s,s, )’ and transformed into its inverse by this 
operator, its order cannot exceed 2 and hence the order of s, divides 60. We 
shall first consider the group generated by s°, s} when the order of s is 60. It 
is clear that these two operators satisfy the given conditions since 


(8383)! = (st 833,53)‘ = = 


It will appear that {s,,8,} is the direct product of {s°, s}} and the cyclic 
group generated by s}?. From the equation given above it follows that 
{ 8,8,8,8,, 8,8,8,8,} is the octie group. Extending this by means of s}°, we 
obtain a group of order 16 which is invariant under { s,, s,} since s, transforms 
one generator of this octic group into the other, and the product of the two into 
8} 838,85 = (8,8,8,8,)~'-s}°. By extending this group of order 16 by means 
of s}, we get a group of order 48 which is invariant under {s,, s,} since 
8;' 838, =(8,8,8,8,)~'-s}°. Finally, if we extend this by means of s° we obtain 
the group of order 96 in question. It is easy to verify that this group may be 
generated by the following substitutions : 


8, = aa gg ee'cc -bohm'fk'di' -jn'pl'njlp’, 


8, = amlgkjeipcon -vd 


When the order of s, is 60 the invariant subgroup generated by s}? has only 
the identity in common with the G,, of the preceding paragraph. Hence 
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{ si, s°, 85} = {s,, 8,} is the direct product of G,, and the cyclic group of 
order 5. When the order of s, is 12 it follows directly from the preceding 
paragraph that {s,, 8,} is G,,. Hence-it remains to consider the cases when 
the order of s, is not divisible by 4. If this order is 30 we again consider 
{s°, 3}. Hence {s,s,s,s,, s,s,s,s,} is either the four-group or the group of 
order 2. In the former case it does not contain s}°, since one of its two genera- 
tors is transformed into the other by s, and their product is transformed into 
itself multiplied by s!° by the same operator. Hence this four-group and s!° 
generate the group of order 8 which contains 7 operators of order 2. Just as 
in the preceding paragraph, we observe that this group of order 8 is invariant 
under { 8,, 8,}. 

As s° transforms this group of order 8 into itself and is commutative with 
only one of its operators of order 2, it transforms one of its subgroups of order 
4 into itself and this subgroup and s}° generate the alternating group of order 
12.* That is, s} and this group of order 8 generate the direct product of the 
alternating group of order 12 and an operator of order 2. By extending this 
group of order 24 by s? we obtain the group of order 48 which has 24 addi- 
tional operators of order 4 of which 12 have the same square as s’ while the 
other 12 have a different common square. This elementary group of order 48 
is { s°, 8} } and has the symmetric group of order 24 for its group of cogredient 
isomorphisms. When s, is of order 6, {s,, s,} is this group of order 48, and 
when s, is of order 30 it is the direct product of this group and the cyclic group 
of order 5. 

It remains only to consider the cases when s, is of order 8 or 15. In the 
former case { 8,, 8, } is clearly the octahedron group, while in the latter it is the 
direct product of this and the cyclic group of order 5, since s?, s} generate the 
octahedron group. The proof of this fact follows directly from the preceding 
paragraphs. Hence there are just six groups whose two generators satisfy the 
conditions s* = s3,(s,s,)‘=1. Three of these are of orders 24, 48 and 96, 
respectively ; while the other three are the direct products of these groups and 
the cyclic group of order 5. : 

It remains to consider the generalization of the octahedral group whose two 
generators satisfy the equations 


* 83; (8,8, =1. 
The superior limit of the order of s, may be found as follows : 
(852s; = 6; = 88)! = 


8,82 = ( 8,87)” = 83" 8,. 


* Cf. Moorz, Bulletin of the American Mathematical Society, vol. 1 (1894), p. 61. 


since 
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As sz" and s;*s3s? have a common square, s;* is transformed into its inverse 
and into itself by s;. That is, the order of s, divides 56. The two operators 
also satisfy the given conditions since ( s}°)’ = s}*(s,s,)?=1. If the 
order of s, is 56 the orders of these two operators are 6 and 8 respectively. We 
proceed to consider the group generated by them. 

From the given equations it follows that s}*, s>°° s}° s** generate the quaternion 
group. That this is invariant under {s,, s,} follows from the proof that 


{ s3, s;*s3s7} is invariant under {s,,8,}. That this group contains 


87! 82.8, = 8; 8? 828, = 8, 851 8,8, 8, *8, 8, 8, = 8, 


follows from the given form of the product s;*-s;*s3s{. It is transformed into 
itself by s, since & transforms 838, 8387 into 8,8, 83878, = s?-s7's3s,s3, which is in 
this group. The quaternion group { and generate the group 
of order 24 which does not contain a subgroup of order 12. As this is clearly 
invariant under {s,,s8,} it results that {s{*, s}°} is the group of order 48 
known * as G‘,,, which is very closely related to the group of this order G,, con- 
sidered at the beginning of this section. When the order of s, is 8, {s,, s,} is 
therefore G,,, and when this order is 56, {s,, s,} is the direct product of G,, 
and the cyclic group of order 7, since the group generated by s} is invariant 
under { s**, s{°} and has only the identity in common with it. 

When the order of s, is 28, { s}*, s}°} is the symmetric group of order 24 
and {s,, 8,} is the direct product of it and the cyclic group of order 7. Hence 
there are exactly four groups whose two generating operators satisfy the con- 
ditions s} = s$,(s,s,?=1. Two of these are of orders 24 and 48 respec- 
tively while the other two are the direct products of these and the cyclic group 
of order 7. It may be added that the three groups of order 48 which have 


been considered in this section are distinct. 


§3. Generalization of the icosahedral group. 
If two operators s,, s, satisfy the equations 
s=1, (s,8,°=1, 
they generate the simple group of order 60. This fact was observed by Hamit- 


TON as early as 1856}, and it is of especial interest since there are only a few 


finite groups which may be defined in such an elementary manner. It is well 
known that the 60 operators of this group may be written as follows: 


2 
878,825 878,82 (m,n=1,2,---,5). 


*Quarterly Journal of Mathematics, vol. 30 (1898), p. 258. 
t+ HAMILTON, Philosophical Magazine, vol. 12 (1856), p. 446. 
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In the following generalization it will be convenient to use a group which is 
defined by a very closely related set of equations, viz., 


si=l1, = 8, (8,8,)>=1. 


Since the icosahedral group does not involve any operators of order 4 the order 
of the present group is not less than 120. That it is exactly of this order 
follows from the fact that each of its operators may be written in one of the 
following forms : 


m 2 


82 


8,838, (m=1, 2,---,10; n=—1,2,---,5). 


m n Me n m . 
8, 8,85 8, 8, 8,8 839 8, 8, 8, 8, 


The reductions to these forms follow directly from those of the icosahedral 
group, since any product involving powers of s, and s, may be written as a power 
of s, multiplied by a product in which only the first power of s, and the first 
four powers of s, occur; for sj and s} are invariant under {s,, s,}. 

This group (G,,,) of order 120 is well known as an imprimitive group of 
degree 24 * and it seems therefore unnecessary to give an existence proof here. 
It may be observed that it does not include the icosahedral group, but this group 
is its group of cogredient isomorphisms. It will be found that the groups 
whose two generating operators satisfy the generalization of the icosahedral 
group given by the equations 


== 83, =1 


are merely direct products of a cyclic group whose order divides 21 and one of 
the two groups given above. As a first step in this proof, we consider the 
product of two operators of order two which have a common square, viz., s, and 
sy‘s,s}. The following equations result directly from the two given relations 
between s, and s,: 

( sy*s, 83 = = 83.877 sy" 8)", 


Since s, transforms s}” into its inverse + and is commutative with it, the 
order of s, cannot exceed 210. If this order is 210 the two operators s?', s? 
generate the given group of order 120 since ( s7' s3')* = s}'°(s,s,)*>=1. Hence 
{s,, 8,} contains the group generated by 3}? and this group of order 120 as 
invariant subgroups having only the identity in common. It is therefore the 
direct product of these two subgroups, and each of its operators is represented 


once and only once by one of the following expressions : 


82'S, 83, 87 8, 838,83, 82° 8, $58,828, (m=1, 2, ---, 210; n=1, 2, ---, 5). 


* It is also the compound perfect group of lowest possible order. Cf. American Journal 
of Mathematics, vol. 20 (1898), p. 277. 
tArchiv der Mathematik und Physik, vol. 9 (1895), p. 6. 


a 
t 
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The cyclic group generated by s} is composed of the invariant operators of 
this group and the corresponding quotient group is the icosahedral group. This 
group of order 2520 may be regarded as the generalization of the icosahedral 
group which is defined by the equations s; = s} and (s,s,)*=1. The other 
groups whose two generators satisfy these conditions must also satisfy an addi- 
tional condition, viz., that the order of s, is less than 210. If the order of s, is 
either 70 or 30 it still follows that (s}'s}')*=1 and hence the corresponding 
{ s,, 8,} is the direct product of the given group of order 120 and either the 
cyclic group of order 7 or the cyclic group of order 3. 

Finally when the order of s, is 105, 35 or 15, the two operators s;", s}' generate 
the icosahedral group and { s,, s,} is the direct product of this group and the 
cyclic groups of orders 21, 7, 3, respectively. If we include the icosahedral 
group and the given group of order 120, there are exactly eight groups whose 
two generators satisfy the equations s? = s3,(8,s,)»=1. In each case the 
operator of the group is represented once and only once by one of the following 
forms : 


2 me 2 
8, 8,8), 8,8,8,8,8, (m=1, 2,---, order of s,; n=—1, 2,---,5). 


m 
8 2"1 2 


2? 


It may be added that the existence of the given direct products could have 
been seen directly, since, in the definition of the icosahedron group by means of 
the equations s} = 1, s3 = 1, (s,s,)* = 1, it is clearly possible to select an inde- 
pendent operator of order 21 and multiply s,, s,, respectively, by its first and 
its thirteenth powers. The resulting products will satisfy the equations of the 
generalized icosahedral group. The above proof may therefore be regarded as 
merely establishing that there are no other such groups. 

The two other possible similar generalizations of the icosahedron’ group can 
readily be reduced to the preceding one. We shall first consider the case when 


= 8), (s,s, =1. 


To exhibit the connection with the preceding case we let ¢, = s,s, and t, = s;'. 


Hence we have to consider. { ¢,, t, } where 
t) = (¢,t,)-°. 


To obtain an upper limit for the order of ¢, we may use the product ¢;‘t, ¢it,. 
Since ¢} is invariant under { ¢,, ¢,} = {s,, 8,}, it is possible to write the given 
product in a more compact form as follows: From ¢y't,¢7't,ty't, = & it results 
that = t3t,t,-t8. Hence it results that 
If we write the equation = ¢3 in the form = t,t, t,t, -¢3 it is 
clear that (¢,¢3)" = ¢,t,¢j¢,t7'-¢'. Letting nm = 5 in these equations we arrive 
at the equation 


=e. 


‘ 
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As ¢, is commutative with ¢}° and also transforms it into its inverse, the order 
of ¢, is a divisor of 160. We shall now prove that it cannot be 160. If ¢, 
were of order 160 ¢,¢, would be of order 96. The group generated by ¢}° and 
(t,t, )°=t, is the same as the one generated by ¢}° and ¢,t,- t}°=t, t,- 
As the last operator is of order 3 and as ¢,t3°-t7'* = ¢,t{° is of order 4 we are 
dealing with a group whose two generators s,, s, satisfy the equations s? = s}, 
(s,s,),=1,st=1. This is the group of order 120 whose properties were 
considered above. The cyclic group generated by ¢}° is invariant under this 
group and with it generates {¢,, ¢,}. This is impossible, since ¢, would cor- 
respond to an operator of order 4 in the (£, 1) isomorphism between { ¢,, ¢, } 
and the given group of order 120. The order of s, must therefore divide 80. 

It is now easy to prove that there are exactly five groups whose two genera- 
tors 8,, 8, satisfy the equations s* = s3,(8,8,)>=1. They are the direct products 
of the icosahedron group and the cyclic group of order 2*,a=0,1, 2, 5, 4. 
The proof of this theorem follows very readily from the fact that the order of s, 
divides 80. Hence {s/°, s}° } is the icosahedron group, since (s{° s}° )’=(s, s, )?=1 
and s}°, s}° are of orders 3 and 5 respectively. As { s,, s,} contains the cyclic 
group generated by s} and the icosahedron group as invariant subgroups having 
only the identity in common and the order of { s,, 8, } cannot exceed the product 
of the orders of this invariant subgroup, the proof is complete. 

It remains only to consider the groups whose two generators satisfy the 


equations 
8? = 8, (8,8, = 1. 


It will be convenient to use the auxiliary symbols ¢, = s,, ¢,=8,8,. Proceeding 
as before we have 


2 
Hence 
4 4—1\5 90 
(¢; = 8} 


Moreover, (tz*t, = s?(t, = Since ¢, transforms both s;” 
and s;° into their inverses and is commutative with each of them, the order of s, 
divides 30. 

If the order of s, is 30 that of s, is 20. In this case s?, s}° generate the group 
G', considered above; for (s/s}°)° = s}° and the orders of sj, s}° are 4 and 3 
respectively. As s is invariant under this group and has only the identity in 
common with it and as { sf, s{, s)°} = {8,, 8,} it follows that the latter is the 
direct product of G,,, and the cyclic group of order 5. When the order of s, 


120 


is 15 that of s, is 10 and 8°, s}° generate the icosahedron group. In this case 
8° 8}° = 8)°s,8,=8,8,. When the order of s, is either 6 or 3, {8,, s,} is either 


the given group of order 120 or the icosahedron group. Hence the theorem: 


| 

| 
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There are exactly four groups whose two generators s,, 8, satisfy the equations 
8? = 83, (8,8,)°=1. They are the icosahedron group, G,,,, and the direct 
products of these groups and the cyclic group of order 6. 

Combining the results of this section, we conclude that there are fourteen dis- 
tinct groups which are generated by two operators satisfying one of the three 
immediate generalizations of the defining relations of the icosahedron group. 
The generators of the icosahedron group satisfy each of these generalized defini- 
tions, those of G,,,, satisfy two of them, while those of each of the other twelve 
groups determined above satisfy only one of these sets of conditions. The sim- 
ple defining relations and the close contact with the simple group of lowest com- 
posite order make these fourteen groups of peculiar interest. 


ON REFLEXIVE GEOMETRY* 


BY 


F. MORLEY 


This memoir is in continuation of two in these Transactions (vol. I, p. 97 
and vol. IV, p. 1). It follows especially § 3 of the first memoir. The object 
of the three is to illustrate an algebraic method of handling planar displace- 
ments, which applies more immediately to elementary geometry than does the 
usual codrdinate geometry. While the latter heads directly for projective 
geometry, the present method heads for inversive geometry. It may perhaps be 
called reflexive geometry. 


§ 1. Outline of the method. 


This is not the place to expound the beginnings of the method, but an out- 
line may be given. On analysing displacements of a plane on a plane, on the 
hypothesis that translations exist, we find easily that they amount to 

(1) reflexion in a line chosen once for all, 

(2) rotations about a point, chosen once for all, and 

(3) translations. 

We take the point on the line and call them base-point and base-line. 

Let now the displaced object have symmetry; and passing at once to the 
extreme case let it be a point. Displacements previously different become the 
the same, and equations arise. 

The subsequent details are merely an enlargement of the planimetric inter- 
pretation of the fundamental operations of algebra, as given in works on the 
theory of functions and in some works on algebra. 

The notation used is a superposed bar for reflexion in the base-line (thus Z 
is the image in the base-line, or “conjugate” of a) and the letter ¢ or t for rota- 
tion about the base-point. The symbol 0 denotes that the moving particle is 
at the base-point, the symbol 1 that it has undergone a unit translation along 
the base-line, the symbol ¢ that it is somewhere on the circle with center 0 and 
radius the unit of length. This circle is called the base-circle, and the special 
complex number ¢ is called a turn. 


* Presented to the Society at the New Haven meeting September 3, 1906. Received for pub- 
lication September 3, 1906. 
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§ 2. The cyclogen. 


Consider the series of self-conjugate equations : 
a+a=0, 
a+ 2Qut+a?—0, 
a+b¢+ 62+ a°=0, 
a + bt + Qué? + + 


where yw is real. Such an equation is of the same ge: crality as the equation with 
real coefficients usually studied in the theory of equations. In fact by mapping 
the base-line on the base-circle they are interchanged. To the real roots of the 
latter correspond the turn roots of the former, to conjugate roots of the latter 
correspond inverse points as to the base-circle. 

Thus every equation of our series, whose degree is odd, has one turn as a 
root. We take as the standard case an equation all of whose roots are turns. 

Now regard in the above equations a pair of conjugate coefficients as variable. 
We have then for given ¢ a line, for varying ¢ a curve of lines. 

If we denote by n the class of the curve and by m the number of lines of the 
curve in a given direction, then the curve may be denoted by C". The simpler 
curves are : 


Cl, a point ; C3, a cardioid ; 

C?, a segment ; C‘, a segment *; 
C?, a circle ; C$, a parastroid ; 
C*, a deltoid ; C}, a paranephroid. 


These curves may be called cyclogens. 

We are concerned here solely with the curves C" for which the end coeffi- 
cients are variables. If we mean by the aspect of a curve the number of 
parallel tangents, then these curves are cyclogens of full aspect. They might 
be called cardioids, or better ennacardioids. Thus C} is the tetracardioid. 
Denoting the curve C” now simply by C”, the series of ennacardioids begins 
with the point C', the circle C’, the cardioid C*. We call the equation by 
which a cyclogen was defined its line-equation, having no other line-equation in 
the context. It comes under what Laguerre ( Works, vol. 2, p. 190), called 
the “équation mixte.” 


* Described with superposed harmonic motions. 
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§ 3. The ennacardioid. 


Taking now the case of C", we apply to it Srupy’s theory of osculants. We 
write the line equation in abridged form 


(1) (at) =0, 
where (at) = a, + 4,t, is a coefficient conjugate to and = a’. 
The equation 
(at,) (at)! = 0 
defines a (first) osculant; it is a curve C"-'. An osculant of this is a second 
osculant of C". And so on till we come to the completely polarized form 


(2) (at, )(at,)-+-(at,) = 90, 
which shows that the  osculant points, formed from n — 1 of the n ?#’s, lie on 
a line. 
The relation of x to ¢, deduced from 
(at = 0 
is 
(3) a, (at)! = 0. 
This is the map-equation of C”. Its polars are map-equations of the osculants. 
If in a map-equation we calculate D,x and make it zero, we obtain values of 
t which, when turns, give cusps. The cusps of (at)* are then given by 
(4) a,a,(at)-* = 0, 
a self-conjugate equation. Thus C” can have n — 2 cusps. To avoid periphrasis 
I will use the projective view and say that there are always n — 2 cusps, real or 
imaginary, though, strictly, imaginary points have no foothold in the reflexive 
geometry, which is a chapter of mathematics preceding projective geometry. 
The cusps themselves are 


¢, (at =0 
where 
a,a,(at)-? = 0, 
or are 
(5) a? ( at =0Q. 


The map equation of an osculant is 


( at, ) ( at =0 


and this equation holds when (4) and (5) do. That is: The osculant is on the 


cusps of C”. 
The osculants are thus defined by the facts of touching the curve and being 


on the n — 2 cusps. 


| 
| 
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§ 4. The envelopes of osculants. 
Denoting the osculant 
(at, (aty" = 0 


by O_, it has an envelope and a cusp-locus. The envelope contains the original 
curve C” and the curve y,. It is to be shown that the cusp-locus of O, is x,.,. 


The map-equation of O, is 
a, (at, (at)-"—" = 0. 


Now to obtain the envelope of 


n= f(t, t,) 
the rule is that 


(6) D,x/t: D,,2/t,, is real. 
Here then 
a,a,(at, is rea 


But the equation 
a, = 0 


is self-conjugate. Hence either t = ¢,, which gives C", or 
a,a,(at,)"(at)"* = 0, 
which manifestly gives the cusp-locus, or 
a, a, (at, == 0, 
which gives y,. Thus y,,, is given by 
(1) { a, (at, "(at)" = 0, 
a,a,(at, = 0. 
The former equation may be replaced by 


ai (at, = 0, 
and this agair by 
a, (at, = 0. 
This proves the theorem. 
There are then associated with C” a series of curves 


x, the cusps, 
x, the cusp locus of O, and envelope of O,, 


x, the cusp locus of O, and envelope of O,; 


. and writing again the equations for x, : 


a, a, (at, = 0, 
at (at, ) "(at)" = 0, 


Trans. Am. Math. Soc. 2 


i 
| 
i 
fi 
| 
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we see that since we may interchange ¢ and ¢, the curves y, and y,, are the 
same if 
r+r=n. 
Thus for the curve C* there are 
x, the cusps, 


x, a circle or are of a circle (according as the cusps are not real or real) which 
is the cusp locus of osculant cardioids and the envelope of osculant circles; 


and for the curve C°, which has as osculants C'*, C* and C?, 
xX, the cusps, 


x, Which is at once the cusp locus of C*, the envelope of C*, the cusp locus 
of C*, and the envelope of C?. 


§ 5. Note on the rational plane curve in general. 


For rational plane curves in general, given for convenience of statement in 
lines, it is equally true that the cusp locus of O, is the envelope of O.,,. We 
know from Strupy’s theory that the cusps of the given curve are on O,, and 
the cusps of O. on O.,,. Let O, be given by 


= (as)'(at)"’, 
n= (Bey (Bt), 
where 
at =a, +a,t. 


The cusp parameters are given by 
(as) (at) 
a, ( as)" ( at 


that is by 


I 


or by 


The envelope of O.,,, or 
E (as ye ( at etc., 
is given by 


D,n D,o|=9, 
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or by 
(as 


a,(asf =0; 
a,( as y*" (at 


and this on throwing out the factor s — ¢ gives the same result as before. 

Thus for example with the rational curve of class 4 is associated a curve y, 
on which lie the cusps of osculant cubics, and which has as tritangent conics all 
osculant conics. 


§ 6. Construction of the ennacardioid. 


The number of codrdinates specifying a C"isn+1. For the number of 
arbitrary real constants in (at)" ism — 1, and the base-point is here a definite 
point as to the curve —say its center. 

Hence when 2(n —2)=x+1, or n=5, the cusps determine a C”, though 
not perhaps uniquely. Where n > 5 the cusps are not independent. 

Two osculants, say 

(at, and (at,)(at)"", 
have a common osculant 


(at, )(at,)(at)"*. 


But conversely if two C"~—"’s have a common osculant, they are osculants of a 
C”. For an osculant of one C"~' can touch the other; if in addition it is on 
the cusps, this is m — 3 conditions and the codrdinates of the two and 


n—1? 


2n —(n—3) or n+8. 


But this is also the specification of C” and two osculants. 
The tangent at ¢ of the osculant at ¢,, C"-', is 


(at, )(at)"-! = 0. 


This is satisfied when a,(at)"~' = 0, and this gives the point tof C”. Varying 
t, we obtain a rigid pencil of lines, each touching some oseulant C"-'. Con- 
versely, consider any two C’"-"’s. Let an angle slide around them. The locus 
of its vertex is easily seen to be a polynomic or curve of the form 


2 = Pt+ Q(1/t) 


where P and Q are polynomials. And in fact any polynomic can be so 
constructed. 

But when the two C"—"’s have a common osculant C"~*, and are therefore 
osculants of a C", the locus of the vertex can be this C”. 

Thus granting that we can construct one and therefore two C”’s of which an 
osculant C"—' is given, then we mark on each line of C"~' the corresponding 


| 
4 
i 
4, 
| 
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points of the two C”’s, and the lines of these C”’s at these points meet on 
a C"*', Thus the curves can be drawn in succession ; the first step is to take 
two intersecting circles, and draw lines on a common point ; the tangents of the 
circles at the other intersections meet on a cardioid. 


$7. The of an n-line. 


It was shown in these Transactions (vol. 1, p. 102) that (with the nota- 
tion there used) the circles of 3 from 4 lines are osculants of a C*, 


a,— 2a,t+a,t’, 

where | a,| = |@,|. 

Calling this the cardioid of the 4-line we have now the theorem : 

The cardioids of 4 from 5 lines are osculants of a C* ; and in particular 
meet at two points (the cusps). 

For the curve for 5 lines 

x= a, — 3a,t + — a,b 

isa 

And so in general: 

The C"-"s of n—1 from n lines are osculants of the C" of the n lines, 
and in particular are on the n — 2 cusps. 

Conversely, a C” and n +1 osculants determine at once » + 1 lines, for a 
C” and n osculants determine the line 


(at, )(at,) (at,) = 0. 


This line may be found thus. We are givena C" and n osculant C"~"s. Every 
two C"~"s have a common osculant C"~*. Hence a selected C"-' has n—1 
osculant C"~-”s; and so finally we come to a C* with three osculant C”’s whose 
common osculants are points on the line in question. 

There is then for an n-line a curve C"~'. There is also a definite circle 
called (vol. 1, p. 99) the centre-circle. I will call it now the centric circle and 
its center the centric of the n-line. I proceed to give a general meaning to 
these two curves. 


§ 8. The images of a point in 4 lines. 


To connect by a curve the images of a point x, in four given lines we employ 
the process of interpolation. This is not a definite process, but employed as 
follows what results is the conic on x, and its images. 

Write the lines 

a,8, + 4,8, — Hs, = 0, 


where the 3 turns whose symmetric functions are s,, s,, 8, are selected from 4 


whose product is — 1. 


{ 
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Then the image of x, is 
x= a,8,— 4, 8, 


We have to symmetrize this. 
Assume two turns 7, 7, such that 


3 3 
(8) a= A+ AT] (7 
where 
At + A, Ti = 4,, 


Ar+A,7,=4,, 


A+ A, = 
Then 
—a,(7+7,)+a,=9, 
or 
a,(7T+7,) + 4,77, = 9. 
Thus ~, is any point inside the C* 
—2a,7+a,7° = 0. 
We have then, symmetrizing (8), 
4 4 


T— 
where A and A, are known. 
This is the map-equation of a hyperbola. It evidently is on the 4 images of 


x,, but further it is on «, itself. 
For eliminating A and A, the equation is 

| | 
1 

(10) 
| 
| a, 


The terms independent of ¢ give x. But the terms in ¢ are 


lo II II, 
T—Tt 
A= 
a, 
T 


and the conjugate of this is 


# 
i 
At/7* 7°. 
q 
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Hence A = 0 is a self-conjugate equation, giving a value of ¢ which is a turn. 
That is, we have the hyperbola on x, and its images. 

The clinants of the asymptotes are found at once to be 1/7 and 1/7,. 

There are now two special conics : 

1) the rectangular hyperbola, when 


T+7,=0, 
the point x, is then given by 
-+ a,TT, 
and is on the centric circle ; 
2) the parabola, when 
T= 


the point is then on the cardioid. Thus the conic on a point x, and its images 
in 4 given lines is a rectangular hyperbola when ~, is on a circle and a parabola 
when , is on a cardioid. 


§ 9. The images of a point in n lines. 


The generalization is now immediate. Thus if 5 lines be written 
a,8, + 4,8, — 4,8, + 9, 


where the s, are symmetric functions of 4 from 5 turns whose product is 1, the 
images of of x, in the 5 are on 


II II II, 
T—t 2 —t 
3 3 
a, 
a, T % 


where 
— a,(T+7,+7,) + 4,(7,7, + 7,7 + TT, ) — @,1T, 7, = 0. 


We have then a pencil of cubic curves J* passing through the images of x, and 
twice through 2,. 


If we make tT = wT, = 7, where w + o + 1 = 0, then 


x, 


that is, for points x, on the centric circle the cubic has equispaced asymptotes. 
If we make t = 7, = 7, the point 2, is on the C of the 5 lines and the J* 
meets infinity (regarding infinity as a line, i. e., speaking projectively) at one 
point only. 
And so in general, calling a curve of order m with a multiple point of order 
m — 1 a JONQUIERES curve J”: 


i 
d 
; 
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Let a J*~* be drawn with multiple point at x, and on the images of x, inn 
given lines. If the J"~* have equispaced asymptotes then x, is on the centric 
circle of the n-line ; and if the J"~* have coincident points at infinity then x 
is on the C"— of the n-line. 

There are naturally other special cases. Important among these as giving the 
CLIFFORD theorem is the one where the system of J”*~”s (for n odd) reduces to 
aJ“-?, This involves the vanishing of minors of the elements in ¢ in the 
determinant and brings us back to the analysis given in these Transactions, 
loc. cit., p. 104. 

The statement of CLIFFoRD’s theorem in terms of C"~' is: The curve C?"~' 
has one osculant C” which reduces to a point; the parameters are the canoni- 
zant of the cusp-parameters. For the curve C*”" the locus of points which are 
degenerate osculant C’”’s is a cirele. 


0 


§ 10. The case when the C* of an n-line is a cirele. 


We have seen that the image-curve for a point on the centric circle is an 
equispaced J"-*. Let the point be the centric of m —1 of the lines. The 
remaining line and therefore the image of x, in it becomes arbitrary. Hence 
the centric of n —1 lines is the multiple point of not one but a pencil of 
equispaced J"~”’s on the images of 2. But the pencil meets again in 
orn—4 points. Hence the n —1 lines be- 
long to a symmetric system of 2n — 5 lines. That is, m lines belong to a set of 
2m — 3 lines. 

Any m of these have the same centric, and therefore the centric circle of 
m-+1isapoint. The analytic condition is then, since the centric circle is 


x= a,—4,t, 


that a, formed for any m +1 lines in 0. This requires for the 2m — 3 lines 


i 
} 
4 
H 
(f ~ | 
if 


that a4, =a,=---=a 
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=. The radius of the centric circle of any m lines 
is |a,,_,|, and therefore any m have the same centric circle. Since all a’s except 
a,_, vanish, the conditions are summed up by saying that the C*"~‘ of the 
lines is a circle. 


m—2 


m—1 


Thus in particular 4 lines determine a fifth; the 5 forming say a pentacle, 
sich that the centres of the 10 3-lines are on acircle. The figure is drawn 
simply by placing a ring of 5 circles with centres on a given circle and each 
intersecting the next on this circle. The 5 other intersections of the adjacent 
circles being joined in order form the pentacle, and the salient thing is that the 
intersections of nun-adjacent sides are also on the respective 5 circles. 


CRATER CuUB, Essex, N. Y., 
July, 1906. 


THE GROUPS IN WHICH EVERY SUBGROUP IS EITHER ABELIAN 
OR HAMILTONIAN * 


BY 
G. A. MILLER 


The non-abelian groups which contain only abelian subgroups have been deter- 
mined and many of their fundamental properties have been noted. + The pres- 
ent paper is devoted to a determination and a study of the non-abelian groups 
which involve only abelian and hamiltonian subgroups. It will be found ‘that 
there are only two exceptions to the following theorem: If a group contains at 
least one hamiltonian subgroup and if all its subgroups are either abelian or 
hamiltonian the group itself is hamiltonian. The two exceptional groups are of 
orders 16 and 24 respectively, and are completely determined in the following 
paragraphs. 

Let G represent any group in which every subgroup is either abelian or 
hamiltonian and suppose that it is represented as a transitive substitution group 
of the lowest possible degree. If it is imprimitive its systems of imprimitivity 
are permuted according to some primitive group. To prove that G' is solvable 
it is only necessary to prove that this primitive group is composite since it may 
be simply isomorphic with G' and since every subgroup of G is solvable. The 
primitive group in question is of class n —1, n being its degree, since two of 
its maximal subgroups of degree n — 1 can have only the identity in common. $ 
As every group of class n — 1 and degree n is composite @ is solvable. 

In the preceding paragraph it is not assumed that G necessarily contains a 
hamiltonian subgroup. This assumption may, however, be made since the non- 
abelian groups in which every subgroup is abelian are known. Hence we shall 
assume in what follows that G contains at least one hamiltonian subgroup. Its 
order can therefore not be the power of an odd prime number. We shall con- 
sider all the possible G’s under two headings as their orders are a power of 2 
or involve more than one prime factor. 


* Presented to the Society October 27, 1906. Received for publication October 19, 1906. 
t+ MILLER and MorRENoO, Transactions of the American Mathematical Society, 
vol. 4 (1903), p. 398. 
t Loc. cit. 
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$1. The order of G is 2”. 


Since G involves at least one hamiltonian subgroup it must involve a hamil- 
tonian subgroup (//) which is composed of half the operators of G. Since #7 
is hamiltonian, three-fourths of its operators are non-invariant, of order four, 
and have a common square.* The remaining one-fourth are the invariant opera- 
tors of // and they constitute an abelian subgroup ( A’) of type (1,1, 1,---). 
With respect to A’, // is isomorphic to the four-group. There is at least one 
subgroup ( /7’) in /7 which involves A’ and one-third of the operators of order 
four contained in // and is invariant under G. The subgroup //’ is abelian 
and of type (2, 1,1, ---). 

As H does not contain any operator whose order exceeds 4 there can be no 
operator whose order exceeds 8 in G. Moreover, every operator of order 2 is 
invariant under G. This results from the following considerations. Any 
operator of G together with A’ generate a subgroup which is either abelian or 
hamiltonian since this operator and A’ do not generate G’. As every operator 
of order 2 in a hamiltonian group is invariant this proves that every operator 
of A’ is invariant under G. If any other operator of order 2 were not commu- 
tative with some operator of order 4 in // the latter operator could not be in //’ 
since a hamiltonian group involves no non-invariant operator of order 2. That 
is, each operator of //’ is commutative with every operator of order 2 contained 
in G. If an operator of order 2 were not commutative with any other opera- 
tor of order 4 in /7 it would transform this operator into itself multiplied by 
an operator of order 2 contained in //. Hence the order of G could not 
exceed 16. As the groups of order 16 are so well known it seems unnecessary 
to go into further details to establish the theorem in question. 

We shall now prove that there is one and only one G which involves opera- 
tors of order 8. As an operator (¢) of order 8 in G is commutative with all 
the operators of A and has its square in //’ it must be commutative with every 
operator of 77’. It cannot be commutative with every operator of /7 since ¢ 
transforms some of these operators into, their inverses. As ¢ transforms an 
operator of order 4 in // into itself multiplied by an operator of order 4 which 
is commutative with ¢+, the group generated by ¢ and any operator (s) of order 
4 in /7 which is not commutative with ¢ is of order 16 or 32. This group must 
coincide with G since it is neither abelian nor hamiltonian. 

We proceed to prove that the order of the group {s, ¢} generated by s and 
t cannot be 32. If this order were 32, ¢? would not be in the group of order 8 
generated by s and the commutative subgroup of {s,¢}. This group and @ 
would therefore generate the hamiltonian group of order 16 and G would involve 
the abelian group of type (3,1). This abelian subgroup would involve all the 


* Bulletin of the American Mathematical Society, vol. 4 (1898), p. 510. 
tBulletin of the American Mathematical Society, vol. 7 (1901), p. 350. 
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operators of order 8 contained in G' and two of the remaining operators of order 
4 would generate a non-abelian group of order 16 involving a commutator sub- 
group of order 4. As such a subgroup could not occur in G it has been proved 
that the order of G cannot exceed 16. It may be remarked that this result 
could be directly obtained from the properties of the known groups of order 32.* 
As the groups of order 16 are known we may state the result as follows: There 
is one and only one group of order 2" which involves operators whose orders 
exceed four and satisfies the additional conditions that every subgroup is either 
abelian or hamiltonian and that at least one subgroup is hamiltonian. This 
is the group of order 16 which contains a cyclic subgroup of order 8 while the 
remaining operators are of order 4 and transform the operators of this cyclic 
subgroup into their inverses. 

Half of the operators of G which are not also in // transform the operators 
of order 4 in //’ into their inverses while the other half are commutative with 
these operators. Hence //’ is contained in two hamiltonian and one abelian 
subgroup whose order is half the order of G. We proceed to prove that G 
contains operators of order 2 which are not in // whenever its order exceeds 
16. Let ¢, represent an operator of G which is not in /7 and which trans- 
forms into their inverses the operators of order 4 in //’. The operators of 
order 4 in // and ¢, have a common square. The group generated by ¢, and an 
operator of /7 which is not contained in // is at most of order 16. It could not 
be of this order since two operators of a hamiltonian group cannot generate ¢ 
group of order 16. From this it follows that ¢, is commutative with half the 
operators of /7 and hence with operators of order 4 in //. As the product of 


t 
1 
operator of order 2. That is, Jf every subgroup of a group of order 2",m>4, 


into such an operator is of order 2, G is the direct product of // and an 


is either abelian or hamiltonian and if there is at least one hamiltonian sub- 
group, the entire group is hamiltonian. 

It remains to consider the groups of order 16. If such a group contains a 
hamiltonian subgroup it must be the quaternion group. As every group of 
order 16 contains an abelian subgroup of order 8 and as the groups under con- 
sideration do not involve any operators of order 8, it follows that G would have 
to contain operators of order 2 in addition to the one contained in the quaternion 
subgroup. As such an operator has to be commutative with each operator in 
the quaternion subgroup G’ itself is the hamiltonian group of order 16, and it 
results that the group of order 16 which was considered above is the only non- 
hamiltonian group of order 2” in which every subgroup is either abelian or 
hamiltonian and in which at least one subgroup is hamiltonian. With this 
single exception the hamiltonian groups are the only ones involving hamiltonian 
subgroups, but no other non-abelian subgroups. 


*Quarterly Journal of Mathematics, vol. 28 (1896), p. 233. 
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2. The order of G is divisible by at least two different prime numbers. 


§ 

Since G involves at least one hamiltonian subgroup its order is divisible by 
8. It contains an invariant subgroup /7 of prime index (p) as it is solvable. 
This subgroup is the direct product of its own Sylow subgroups since it is either 
hamiltonian or abelian, and the order of every operator of G which is not also 
in 77 is divisible by p. Let ¢ represent one of these operators, so that ¢” is in 
H but t is not in 7. Each of the Sylow subgroups of #7 is transformed into 
itself by ¢. 

When p = 2, // involves at least two different Sylow subgroups and ¢ is com- 
mutative with all the operators of odd order contained in /7. The group gen- 
erated by ¢ and the Sylow subgroup of order 2” contained in /7 is hamiltonian 
since it is a Sylow subgroup of G. As all of its operators are commutative with 
every operator of odd order in H7, G is the direct product of its Sylow sub- 
groups whenever it contains an invariant subgroup of half its order. The 
Sylow subgroup of order 2”*' is hamiltonian while all the others are abelian. 
Moreover, any such direct product is a group of the required kind. It remains 
to consider the cases when p is odd. 

When p > 2 the Sylow subgroup of order 2” contained in #7 is hamiltonian. 
When / involves more than one Sylow subgroup, ¢ is commutative with every 
operator of /7 since it is commutative with all the operators in its Sylow sub- 
groups. Hence G is the direct product of its Sylow subgroups whenever the 
order of H is divisible by at least two different prime numbers. It remains 
only to consider the case when // is the hamiltonian group of 2" and p> 2. 

Since // contains only three abelian subgroups of order 2”~', ¢ would have to 
transform each of these into itself if p>38. As the group generated by ¢ and 
such a subgroup would be abelian, ¢ would again be commutative with every 
operator of // and we have proved that if the order of @ is not of the form 2”.3 
G is always the direct product of an abelian group of odd order and a hamil- 
tonian group of order 2". We shall therefore assume that the order of G is 
2.3 and consider the possible value of m. ~ 

The order of the subgroup generated by three operators of order 4 in 1 
cannot exceed 16. Hence if we assume that ¢ is not commutative with every 
operator of order 4 in // it transforms a subgroup of // whose order cannot 
exceed 16 into itself. Since the group generated by ¢ and this subgroup is 
neither abelian nor hamiltonian the order of G cannot exceed 48 unless it is the 
direct product of its Sylow subgroups. We may assume that ¢ does not trans- 
form each of the three abelian subgroups of order 2”~' into itself, otherwise it 
would be commutative with each operator of 7, and hence the group which the 


three conjugate operators of order 4 generate is the hamiltonian group of order 
16 or the quaternion group. As the former contains exactly four quaternion 
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subgroups ¢ and this quaternion subgroup generate the group of order 24 which 
has no subgroup of order 12. 

The main results of this section may be stated as follows: If a group con- 
tains at least one hamiltonian subgroup and if all its subgroups are either 
abelian or hamiltonian it is the direct product of the hamiltonian group of order 
2” and an abelian group of odd order, unless it is the group of order 24 which 
does not contain a subgroup of order 12. Hence there are only two non-hamil- 
tonian groups which contain at least one hamiltonian subgroup and whose 
other subgroups are either abelian or hamiltonian. The orders of these well- 
known groups are 16 and 24 respectively. While there is an infinite num- 
ber of non-abelian groups in which every subgroup is abelian, there are only 
two other non-hamiltonian groups in which every non-abelian subgroup is 
hamiltonian. 


i 
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ON MODULAR GROUPS ISOMORPHIC WITH A GIVEN LINEAR 
GROUP* 


BY 


H. F. BLICHFELDT 


THEOREM. Given a group G of linear homogeneous substitutions in n 
variables, transitive (irreducible) and of finite order. Then there exists an 
infinitude of prime numbers p for each of which we can construct a simply 


isomorphic transitive group G’ of linear homogeneous substitutions in n 


variables, the elements of whose matrices are integers taken modulo p. 
Let the operators of the abstract group G” simply isomorphic with G be S‘, 
i=1,2,---,N. Write down NV matrices in x» variables with undetermined 


coefficients 


Si = [1 


and form the V* products . Writing = S’ whenever S” = 


we obtain n’ V* equations in the elements a',. This system of equations shall 


be denoted by A. Any system of elements a‘, satisfying A will furnish a 


linear group G, isomorphic with G”’. That this group may be transitive in 2 


variables we must, furthermore, have no equation of the form + 


the coefficients 6,, being independent of i. In other words, zero cannot be the 


value of every determinant of (n’)’ elements of the matrix of n’ columns and 


NV rows, the ith row of which is formed of the n* elements a’,. We shall 
denote by 2B’ the system of equations obtained by equating to zero all the deter- 


minants mentioned. Furthermore, in order that G, may not contain two trans- 


formations that are identical, we must exclude all possible sets of solutions of A 


for which two rows of the matrix of n’V elements just mentioned are identical. 


This condition expressed in analytical form is as follows: the expression 


* Presented to the Society (Chicago), April 14, 1906. Received for publication February 13, 
1906. 

{+ BURNSIDE, Proceedings of the London Mathematical Society, vol. 3 (1905), 
p. 433; FRoBENIUS, Sitzungsberichte der K. Preussischen Ak. der Wissenschaf- 
ten, 1897, p. 1004. 
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must not vanish for a set of n® arbitrary parameters \,,. We shall modify the 
system B’ by multiplying each of its equations by P, and we shall denote the 
resulting set of equations by B. 

Now, because the transitive group G exists, the system A can be solved, and 
solutions exist which will not satisfy all the equations of B. To solve A we 
may, by a well known process, form a normal equation of the system, an alge- 
braic equation whose coefficients are integers and which has no double roots. 
Let this equation be 
(2) 


Denoting by x any one of the roots of this equation, we can write every 
corresponding value of @}, as an integral function of #, the coefficients of which 
are definitely given rational numbers (the same for any root of (2) considered). 
Substituting in the system B we have a series of equations in x with rational 
coefficients, known functions of the parameters 2,,, which equations could not all 
be satisfied for every root x of (2). Hence #’=0 has at least one root not 
found in one (say C= 0) of the equations B. Let us suppose / = F, F,, 
where F’, = 0 has no root in common with C=0.* Then we can construct an 


identity of the form 
af K, +9, 


where a, 8 and 8C are integral functions of « whose coefficients, as well as X,, 
are integral functions of the parameters 2,, with integral coefficients. To every 
root « of #’, = 0 will correspond a transitive group G', simply isomorphic with G”. 
The question whether or not there exists a transitive linear group in n 
variables simply isomorphic with G” with coefficients modulo p can now be 
solved. We start as above with the V matrices 
= 
and write down all the congruences (mod p) following from the equations 
S; S; = S,. The system A above will merely be replaced by congruences, and 
instead of / = FF’, = 0 we will have = F', F', = 0 (mod p). We remark 
that the coefficients of /’, F’, and F, are all known integers, although p is, as 
yet, not known. The elements a}, are, as above, expressed as integral functions 
of a root x of | = 0 (mod p), the coefficients of which functions are known 
fractions. Let the least common multiple of all the denominators entering in 
these functions be denoted by 1. We shall replace the parameters Arn by such 
a system of integers that A, does not vanish. The resulting value of X, (an 
integer) will be denoted by XK. 


* We seek the highest common factor of Fand C, ete. The coefficients of F, and F, will be 
supposed to be integers. 
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Suppose that = b,a"+.---+,. We may assume that + 0, as we 
may replace by «+h. Let us substitute for in = 0 (mod p) the 
quantity MAb,y. We obtain 


b,{ (mod p), 
the coefficients of the left-hand member being known integers evidently not 


all zero. 
If we substitute any integer y’ for y such that 


and choose for p any prime factor > 1 of Z, we have a modulus p fulfilling 
the conditions of the problem. For, p is prime to WK, and F, = 0 (mod p) 
has a solution x= MKb,y’. Accordingly, the system of congruences A is 
satisfied, but not the system B (by virtue of the identity aF,+ BC= XK). 
Because A is satisfied, we have a modular group # isomorphic with G”. If 
this group is intransitive modulo p, it may be transformed into a group of type 


H, 0 

0 H,’ 
from which it follows that the elements of H satisfy at least one system of con- 
gruences corresponding to (1), from which again would follow the system B, 
and therefore also C=0(modp). Again, if H were not simply isomorphic 


with G, the factor P would vanish (mod p), and therefore also every e- uation 
of B. But this is not the case, according to our procedure. 


BERLIN, 
January, 1906. 
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DENUMERANTS OF DOUBLE DIFFERENTIANTS* 


BY 


WILLIAM EDWARD STORY 


I. Introduction. 


1.+ In 1856 ¢ CaYLEy gave (without rigorous proof) a formula for the num- 
ber of linearly independent yzx-differentiants (as I call them) of a given type 
belonging to a single binary quantic,—a formula that he derived from the 
assumption that the necessary and sufficient conditions, as they naturally 
appear, are linearly independent; this formula was first proved in 1877§ by 
SYLVESTER, who extended it to a system of any number of binary quantics. 
The formula as originally given by CAYLEY expresses the number in question as 
the excess of the number of terms in the general form of the type of the differ- 
entiants over the number of terms in the general form of a certain other type, 
precisely as in formula (37) of this paper (when x and y are the only variables) ; 
but the number of terms in a general binary form is readily expressible as the 
sum « the numbers of partitions of a certain kind of certain numbers, and it 
was tu. formula in terms of such partition-numbers that SYLVESTER proved and 
extended. About 1885 it occurred to me, while giving a course of lectures on 
invariants at the Johns Hopkins University, that CaYLEy’s original formula and 
SYLVESTER’s proof of it,—indeed, the latter’s extension of it, when expressed 
in the original terms,—are valid for yx-differentiants (simple differentiants, as 
I call them below), even if # and y are only two out of any number of vari- 
ables. In 1892|| I discovered operators that produce all the differentiants of a 
given type and certain combinations of characters, namely, all forms that are at 
once vae-differentiants and all forms that are at once xy-, 
as-, ---, vv-differentiants. Suspecting that the method by which these operators 
were obtained could be utilized for the discovery and proof of a formula for the 
number of linearly independent forms of any given type that possess any given 
combination of differentiant characters, 1 have devoted much time during the 


* Presented to the Society December 28, 1906. Received for publication October 31, 1906. 
+I shall refer to these numbered sections as § 1, etc. For Table of Contents see p. 70. 
{ A Second Memoir upon Quantics, Philosophical Transactions, London, vol. 146, p. 107, 
§ Philosophical Magazine, ser. 5, vol. 5, March, 1878. 
|| Mathematische Annalen, vol. 41 (1893), pp. 485-489 ; Proceedings of the London 
Mathematical Society, vol. 23 (1892), pp. 265-272. 
Trans, Am. Math. Soc. 3 33 
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last fourteen years to attempts te obtain such formule. I have succeeded in 
the cases of double differentiants of all kinds, as the present paper will show; 
the extension of the formule to triple and higher differentiants is almost self- 
evident, but the proof of the extended formulz presents a difficulty that I have 
not yet overcome. 

When I began these attempts I was not aware of what Dervuyts had done in 
a similar line ;* but his work differs from mine in essential respects, both as to 
methods and results. He has, to be sure, given a formula for the denumerant 
of the semi-invariants (chain-differentiants of order 0 — that is, not involving the 
variables explicitly) which is formally identical with the formula (51) of this 
paper for three variables, but my formula is proved for xyz-differentiants of any 
type, even if this type implies any number of variables other than x, y and z, 
and the explicit presence of all these variables in the differentiant, while his 
formula supposes that the variables do not enter explicitly and that x, y, and z 
are the only variables in the system. Moreover, I have obtained formule for 
other combinations of differentiant characters not considered by DeRuyTs. But 
the most important differences in our work will be found in the methods used. 
Dervuyts has employed the methods of “ sources”’ and of “ symbolic representa- 
tion,” while my main object has been to obtain formule by direct consideration 
of the “actual” forms, without recourse to those (from my point of view) indi- 
rect methods. At all events, it must be for the advantage of mathematical 
science that various methods should be exploited. 


2. We assume a system of quantics (homogeneous polynomials), which we 
shall call simply the guantics, finite in number and of finite orders m, m’, m”, ---, 
respectively, in a finite number x of variables x, y,z,---. Any such quantic 
of order m is assumed in the form 


(1) p 


where the summation extends to all integral values (positive and 0) of g, A, i, ---, 
freed from the cor- 


m! 
ade 


gi if... 


whose sum is m. For convenience, we speak of a, ,; 
responding polynomial coefficient as a coefficient of the quantic. If it were 
necessary to represent the coefficients of the different quantics, we should denote 
those of the first quantic by a, those of the second by 4, those of the third by c, 
ete., each with its proper suffixes ;+ the coefficients of the quantics will be used 
as so many sets of additional variables (though not so called) having no deter- 


mined numerical values. To each coefficient is assigned a weight in each var- 


* Essai d’une théorie générale des formes algébriques, Mémoires de la société royale des 
sciences de Liége, ser. 2, vol. 17 (1891). 

+t Of course the sum of the suffixes of any coefficient is equal to the order of the quantic to 
which that coefficient belongs. 
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iable, namely, the weight of any coefficient in either variable is the sum of all 
its suffixes excepting that which denotes the power of the variable in question in 
the term of the quantic to which the coefficient belongs ; thus, in (1) the weight 
of a,,;,...inzism—i. The weight of any variable in itself is 1 and its 
weight in any other variable is 0. The weight of any product of variables and 
coefficients in any variable is the sum of the weights of its factors in that var- 
iable; thus the weight of any power of a variable or coefficient is the weight of 
that variable or coefficient multiplied by the exponent of the power. 

The order of any product of powers of variables and coefficients is the sum 
of the exponents of the powers of the variables and its degree in the coefficients 
of either quantic is the sum of the exponents of the powers of such coefficients 
in it. If the terms of a polynomial in the variables and coefficients of the 
quanties are all of one order and of one degree in the coefficients of each 
quantic of the system (even if of different degrees in the coefficients of the dif- 
ferent quantics), the polynomial is homogeneous of that order and those degrees. 
If the terms of a polynomial are all of one weight in each variable (even if of 
different weights in the different variables), the polynomial is isobaric of those 
weights in the several variables. Any polynomial is a sum of homogeneous 
isobaric polynomials. The order, degrees in the coefficients of the several 
quantics, and weights in the several variables, of a homogeneous isobaric poly- 
nomial, or form, together constitute the type of that form. One consequence 
(and advantage) of the definition of weight here given (which has not been 
adopted by all writers) is that each of the quanties is isobaric in each of the vari- 
ables of a weight equal to its order. The numbers that characterize the type of 
any form are connected by a simple relation; namely, if the quantics are of 
orders m, m’, m”, ---, respectively, in » variables, 7, y,2z,---, and any form 
of degrees j, j', 7’, ---, in the coefficients of these quantics, respectively, and of 
order # in the variables, is of weights w_, Wy Wi, °°: in these variables, respec- 
tively, then 

where >> mj = mj + m'j’ + m"j” + ---; so that the weight in either variable is 
completely determined when the other characteristics of its type are given. 

If a linear transformation is imposed upon the variables, that is, if the n vari- 


ables x, y, 2, --- are expressed as homogeneous linear functions of n new vari- 
ables x’, y’, ---, and these expressions are substituted for x, y, z, --- in any 
one of the quanties, this becomes a quantic of the same order in a’, y’, 2’, ---, 


whose coefficients are homogeneous linear functions of the original coefficients 
of the quantic and homogeneous functions of the parameters of transformation 
of a degree equal to the order of the quantic: the coefficients of the new quantic 
in 2, y', 2, --- are the transformed coefficients of the quantic in question. It 
is assumed that the determinant of the parameters of transformation is not 0, so 
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that the new variables x’, y’, z’,--- can be expressed as homogeneous linear 
functions of the old variables x, y,z,---. Any polynomial in the variables 
and the coefficients of the quantics is transformed by replacing the variables by 
the expressions of the corresponding new variables in terms of the old ones and 
the coefficients of the quantics by the expressions of the corresponding trans- 
formed coefficients in terms of the original coefficients. A homogeneous poly- 
nomial is thus transformed into a homogeneous polynomial of the same order 
and the same degrees; but the weights are not generally preserved by an arbi- 


trary linear transformation, —indeed an isobaric form does not remain isobaric 


in general. 

The linear transformation by which the variable x is increased by a multiple 
of the variable y, that is, the transformation 2 = a + Ay’, y= y', Z= 2 yes 
shall be called a yx-shear ; and similarly for other pairs of variables. A shear 
involves a single parameter (2, in the example just given), which we shall gen- 
erally suppose to have an arbitrary value. A polynomial in the variables and 
the coefficients of the quantics that is not altered by an arbitrary yx-shear (that 
is, by a yx-shear whose parameter is arbitrary) shall be called a yx-differentiant, 
and similarly for other pairs of variables. A polynomial subject to only one 
such condition is a simple differentiant ; if subject to more than one such con- 
dition, it is a multiple differentiant, namely, double, triple, etc., according to the 
number of independent conditions of this kind to which it is subject (we shall 
see that certain combinations of simple differentiant conditions imply others). 
The aggregate of differentiant conditions to which a polynomial is subject con- 
stitute its character. The object of this paper is the determination of the 
number of linearly independent double differentiants of a given type, more specif- 
ically, the number of xy- and 2xz-differentiants, of and yz-differentiants, of 
ay- and yz-differentiants (which are, as we shall see, also x2-differentiants), and 
of «xy- and zs-differentiants. There are as many kinds of simple shears and, 
therefore, of simple differentiants and simple characters as there are pairs of 
variables, if we have regard to the sequence of variables in the pairs (so that ay 
and yw are regarded as different pairs), that is n(n — 1) kinds, 

A very important class of multiple differentiants is that defined by a set of 
simple characters such that the second letter of each defining pair of variables 
is the same as the first letter of the next pair, when the pairs are taken in the 
proper sequence; such differentiants may be called chain-differentiants (SYLVES- 
TER called them “ seminvariants”’). Any chain-differentiant character is com- 
pletely determined by the letters in it and their sequence in the chain, so that 
it may be unambiguously designated by this sequence; thus an ay-, y2-, 28-, «++, 
tu-differentiant may be called simply an wyzs --- tu-differentiant. Any simple 
differentiant character may be regarded as a chain-differentiant character of two 
letters. Of course, the number of letters in any given differentiant character 
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has no particular relation to the whole number of variables in the quantics and 
differentiants in question. 

The name “ differentiant ” is derived from the fact that a yx-differentiant not 
explicitly involving the variables is a function of the differences of the roots of 
the equations in x: y formed by equating the quantics to 0, if # and y are the 
only variables (n = 2). 


3. The result of imposing the ya-shear = 2 + Ay’, 
any polynomial ¢ is 


2 


the operator yer being defined by * 


~ 
(4) ye = dys 5 
h,i,... 
where the double summation extends to the coefficients a,,; 
Cy n,i,...9 °** Of all the quantics and to all values of the suffixes of the coefficients 
of each quantie whose sum is the order of that quantic. From (3) it is evident 
that the necessary and sufficient condition that ¢ shall be a yx-differentiant is 
the identity 

~ 
(5) yop = 0; 
that is, the condition is that the multipliers of the different products of powers 
of the variables and of the coefficients of the quanties that occur in ye - (these 
multipliers are homogeneous linear functions of the multipliers of such products 
in ¢) shall all be 0, a condition that gives as many homogeneous linear equa- 
tions between the multipliers of the terms of ¢ as there are terms of yer -d, but 
it does not yet appear that these equations are linearly independent. From (4) 
it appears that yx leaves unchanged the order and degrees of any form, as well 
as its weights in all the variables excepting x and y, diminishes the weight in x 
by 1, and increases the weight in y by 1, so that (5) must be satisfied by each 
of the homogeneous isobaric parts of ¢ of different types if it is satisfied by ¢ 
as a whole; that is, every ya-differentiant is a sum of homogeneous isobaric 
yx-differentiants, — and the same is true of differentiants of any simple or mul- 
tiple character. It appears from (5) that a yx-differentiant is a polynomial that 
is annihilated by the shear-operator yar. 

Being concerned with linearly independent differentiants alone, we shall hence- 
forth assume that every polynomial with which we have to do is homogeneous 
and isobaric, that is, is a form. Moreover, the forms to be considered at any 
one time will all be obtained by applying operators analogous to yx to forms of 
one and the same given type; the orders and degrees of all forms thus obtained 


* The sign = is used throughout this paper to denote identity. 
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are the same, as are also the weights in the several variables excepting those 
variables that occur in the shear-operators used in obtaining the forms, and the 
sum of the weights in these excepted variables is the same for all the forms. In 
giving the type of a form it will, then, suffice to give its weights in those vari- 
ables in which the forms to be considered are not all of the same weight; thus, 
if the forms considered are all of a given order, of given degrees, and of given 
weights in all the variables excepting x, y, and z,—so that the weights in these 
three variables are the only characteristics of the type that vary from form to 
form,—the type of any particular form may be represented by (w,, w,, w,), 
where w,, w,, w, are its weights in a, y, z, respectively ; and similarly for any 
number of variables. It is to be observed that the expression of the type of a 
form by its weights in certain variables does not imply anything with regard to 
the whole number of variables, but only that the weights in all the variables that 
do not enter into this expression of the type are the same for all the forms con- 
sidered. To avoid confusion, we suppose the variables to be arranged in a cer- 
tain sequence x, y, 2, --- and we write the weights in any expression of a type 
in the corresponding sequence. 


4. By a complete system of forms of given type or types and given differen- 
tiant characters, subject to other conditions or not, we mean a system of such 
linearly independent forms satisfying the given conditions that any form of the 
given type or types satisfying the conditions can be expresed as a linear func- 
tion of the forms of the system. The forms of any complete system of one type 
can, evidently, be replaced by the same number of linearly independent linear 
functions of them, chosen arbitrarily, without affecting the completeness of the 
system or the character of its forms (because the shear-operators are distributive 
over their operands). By the rank of any form relatively to any given shear- 
operator we mean the exponent of the highest power of that operator that does 
not annihilate the form; thus, ¢ is of rank r qua* vy if ary’ + 0 but 
ry” '-6 = 0. A complete system of forms of a given type and given charac- 
ters shall be called reduced qua xy if its forms are so taken as to include the 
greatest possible number of forms of rank not greater than r qua ry for each 
value of r from 0 to the highest rank of any form + of the system, inclusive. A 
complete system of forms of a given type and given characters reduced qué ry 
can be constructed thus: out of the (V) forms yw of any complete system of 
the given type and characters construct the greatest possible number (_V,) of 


linearly independent linear functions ¢, of rank 0 qua ry and select as many 
(NV; = V—J,) other forms y, of the system that are linearly independent of 


0 


* Qud signifies relatively to, with respect to, according to. 
t+ We employ this abbreviated expression instead of the more cumbrous ‘‘rank of the forms 
that are of highest rank.”’ 
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each other and the ¢,’s as may be necessary to constitute a complete system 
with the ¢,’s; out of these (V;) other forms y, construct the greatest possible 
number (V, ) of linearly independent linear functions ¢, of rank 1 qua ry and 
select as many (V; = V; — N,) other forms y, from among the y,’s that are 
linearly independent of each other and the ¢,’s as may be necessary to constitute 
a complete system with the ¢,’s and ¢,’s; out of the (V;) forms yf, construct 
the greatest possible number (1V,) of linearly independent linear functions ¢, of 
rank 2 qua ay and select as many (Ni = NV, — X,) other forms y, from among 
the y,’s that are linearly independent of each other and the ¢,’s as may be nec- 
essary to constitute a complete system with the ¢,'s, ¢,’s and ¢,’s; and so pro- 
ceed until the forms y,_, last selected are all expressible as linear functions of 
the forms ¢, last constructed. The forms ¢,, ¢,, ¢,, ---, $, thus constructed 
constituted a complete system of forms of the given type and given characters 
reduced qua ry. Of course, the forms y,_, are forms ¢,. 

The peculiarity of a system reduced qua xy is that any linear function of the 
forms of such a system is of exactly the rank qua zy of the forms of highest 
rank in it. For no linear function of forms of a system reduced qua ry that 
are all of the rank 7 can be annihilated by ry" (otherwise, the system would not 
contain the greatest possible number of forms of rank less than 7, that is, would 
not be reduced), but every linear function whose terms are all of the rank r is 
annihilated by ry” '; so that the result of applying any” to a linear function of 
forms of the reduced system of which some are of rank r and others of rank less 
than r is the same as the result of applying ny to the aggregate of those terms 
of the linear function whose rank is 7 alone, and this result is not identically 0. 

If ¢ is a form of rank r qua ry 5 then ay’ -@ = O but ryt). @ = 0, that is, 


ay’ -¢ is an xy-differentiant (of rank 0 qua ay). The form derived from any 


form ¢ by operating upon it with the power of xy whose exponent is the rank 
qua zy of the form ¢ in question shall be called the derivative qui xy of that 
form ¢; the derivative qua ry of any form is, then, an xy-differentiant, and the 
derivatives qua ry of the forms of a system of one type reduced qua ry are 
linearly independent xy-differentiants (namely, the derivatives of forms of the 
same type that are of different ranks are themselves of different types, so that a 
linear relation between the forms of a reduced system implies a linear relation 
between the derivatives of forms that are of one rank, and this again implies a 
linear function of these forms that is of lower rank than they, which is impos- 
sible, as above shown). 


5. In the present investigation we are concerned chiefly with what we may 
call denumerants, that is, expressions for the numbers of linearly independent 
forms of given types that satisfy certain conditions. A denumerant shall be 


fa 
4 
4 
= 
if 


40 W. E. STORY: DENUMERANTS [January 


represented by V followed by the type with the conditions attached to the WV as | 
suffixes and exponents. Conditions shal] be expressed thus : 
that the forms in question have certain differentiant characters shall be indi- 
cated by the pairs and sequences of variables that define these characters, attached 
to NV as suffixes (thus, the suffix xy shall indicate that the forms are xy-differ- 
entiants) ; 
that the forms are of given ranks relatively to certain shear-operators in a 
system reduced relatively to each of these operators shall be indicated by the 
highest powers of the respective operators that do not annihilate the forms, 
attached to Nas as exponents (thus, the exponent x ry” indicates that the forms are 
of rank r qua zy in a system reduced qua zy); 
other conditions will generally be attached to NV as suffixes ; 
several suffixes or exponents attached to the same V shall be separated by 
commas; and 
the absence of suffix or exponent shall indicate that no condition such as 
would generally be written in that place is imposed. 
Thus, 
N(w,, w,, +--+) is the number of linearly independent forms of the type 
(w,,W,, ...), which is also the number of terms in the general form of this type; 
N_,(w,, W,, +++) is the number of linearly independent ry-differentiants of the 
type 
Nyy, Wry Wy, W., +++) is the number of linearly independent xy- and xz-differ- 
entiants of the type (w,, w), 
N*(w,, w,,-+::) is the number of forms of a complete system of type 
+++) reduced qua ay that are of rank r qua zy; 


Ne ( Wy Wy, -++) is the number of and #z-differentiants of rank 


ry, 


qua yt ina — system of type (w,, W,, W., --) reduced qua yz; 


Mes Wys -+) is the number of linearly xyz-differentiants 

Nx(w,, 
(w,, w,, +++) that satisfy the conditions A’ (whatever they may be); 

Nix. W,, +++) is the number of linearly independent xy-differentiants of 


the type (w,, w,,- ip that satify the further conditions K; ete. Evi- 


+) is the number of linearly independent forms of the type 


dently, the exponent ry! is equivalent to the suffix xy, so that 
Ne z(W,, W,, w,) = N,,.(w,, w,, w,)- 

The conditions to which the forms under consideration are subject are gener- 
ally that the forms shall have certain differentiant characters and that certain 
numerical characteristics (rank, etc.) of the forms shall have given values or 
values lying between given limits; it will be convenient to speak of the former 
as differentiant conditions and of the latter as numerical conditions ; there can 
even be no objection to speaking of the differentiant characters assumed and the 
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values or limitations of value of the numerical characteristics as themselves con- 
ditions, because they determine the conditions. 


If > is a form of type (w,,w,,---), ry -$ isa form of type (w,+1, w,—1, ---), 


— provided it is not identically 0; accordingly, using the symbol ay to repre- 
sent the operator that changes the type of any form ¢ into the type of xry-¢, 
we have (as definition of the symbol xy). 


(w,, Ws oe -) = (2, + Ww, -), 
so that | 


ay*-(w,, ---)=(w,+h, — k, +++). 


The types obtained from any given type by applying powers of ay whose expon- 
ents are positive integers or 0 shall be called types subordinate to the given 
type qui ry 3 thus, the types (w,+ 4, w,—k,---) for all positive integral 
values of & and 0 are types subordinate to (w,, w,,---). Of course the same 
notation and nomenclature applies to the type-operators xy, ete., that correspond 
to all shear-operators ry, ete. 

Any denumerant may be regarded as a function of the type, and we shall 
apply the type-operators xy, etc., to any denumerant as to a function of the 
type, observing that they affect only the type, but neither the suffixes nor the 
exponents of VV; thus, 


ay" ( Ww, ’ w,) N,,(%, k ©, k, ) ’ 
(1—ay)(1 —2z)-N(w,, w,, w,) = V(w,, w,, w,) — N(w, +1, w, — 1, w,) 
— N(w,+1, W, 0, — 1) + V(w,+ 2, 1, w,— 1), ete. 


It is to be observed that the operators wy, etc., like the operators xy, etc., are 
distributive over their operands, but, unlike the latter, the former operators are 
commutative, so that, in their effects on any function of a type, 


axy-ye=1, = XY = 22, ete. 


As ryt = 0 if k& is greater than the weight of ¢ in y, we must take 
- N( W,, = 0 if w,< k, whatever suffixes and exponents V may 
have ; that is, the result of applying any product of powers of type-operators to 
a denumerant must be taken to be 0 if it makes the weight in any variable 
negative.* But it may be that some less value of & than w, +1 will make 
N(w,, w,, = 9, because, with the notation of § 2, the weight in y of 
any form can be 0 only if the weights in each of the other variables is as least 
as great as }>mj for the form. The result of applying a product of powers of 
type-operators to a denumerant may be 0 also because there are no forms of the 


* Any form of weight 0 in either variable has, evidently, every differentiant character that is 
defined by a pair in which the variable in question occupies the second place. 
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resultant type that satisfy the conditions imposed by the suffixes and exponents 
of JV in the case in question; thus, 


7 
Nyy, Wry Wy, W,) = Nyy, $k, w, —k) 


if w,—w,<k, because there are no «y-differentiants whose weight in y is 
greater than that in 2, as we shall see in § 8. 


6. We shall make use of the notations 
(6) a) i =i! 


for any value of a and any positive integer i; from this follows 


(i wl (i—1) __ 
(7) =ala—1) 


by means of which the symbol a’ can be extended to negative integral values 
of i and 0; thus, still for a positive integer 7, 

1 1 
(a+i)’ 


a =], 


(8) 
We shall write also, for any integer i (positive, negative or 0), 


which is the coefficient of x' in the development of (1 + 2)* according to posi- 
tive or negative powers of x, according as i is positive or negative. In partic- 


ular, if a is a positive integer or 0, 


(10) (7) =0 unless = a; 
but if a is a negative integer, g 
(11) (7) =0 for a<is—1; 
while 

(12) ifi=-1. 


It is evident from (7) and (8) that 


| | | 1 


If a and i are both integers, 


(14) a =0 if 0 Sa <i, and only then. 


| 
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We shall have occasion to use the formula of summation 


P — 1 " 
Om. n i n (p | m— 1 (p + ) 
(15) (— 1) (4 *\im rs ~ 
i=0 q n n+n) 
m+n J 

where m,n, p,q are given integers, of which n is not negative; from which 
follows 

(16) +0 if LSm=q and m+n—1=p. 


7. The results of applying the shear-operators defined by (4) for different 
pairs of letters successively are connected by these simple relations, where ¢ is 
any form of type (w,, w,, w,, W,,°*+): 


xy = yx +(w, —w,)-, x2 p= 22 -xy-d, 
(17) | ay-20 $+ ny -2y = zy 


where x, y, z, 8 are any four different variables. The last three identities of 
(17) show that any two shear-symbols and their powers are commutative unless 
they have a common letter that occupies different places in them. Repetitions 
of the first three formule of (17) give 


a B of) BO 

i=0 


where each sum extends to all integral values of i from 0 to the smaller of the 


two numbers « and £. 


» 8. Any form ¢ of type (w,, w,) is annihilated by a certain lowest power of 
xy and by a certain lowest power of yx; let a and § be the exponents of the 
highest powers of ry and ye, respectively, that do not annihilate ¢ (the ranks 
of o qua xy and yz, respectively), so that 


+ 0, =0, yx? -b 0, =0; 
then, by the first formula of (18) as applied to pytth+) yest -@ and 


by 

ha 
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w, + cyt 
and 


—w, + -yx? 


therefore, 
(B+1 a+1) 
(w, —w, + @) and (w, —w, + BY' = 0, 


that is, by (14), 


+a =f and w,—w,+R5a, 
so that 
(19) B=w,—w,+ a or a=w,—w,+ B. 
If ¢ is an xy-differentiant, a = 0 and, therefore, 8 = w, — w,, so that 
(20) w=w 
y x 
and 


A. Every xy-differentiant is of at least as great a weight inx as in y. 

If ¢ is an xy-differentiant and w, = w,, then 8 = 0, so that 

B. Every xy-differentiant whose weights in x and y are equal is also a yx- 
differentiant. 

From the third identity of (17) follows that zz = 0 if both ry -¢ = 0 and 
yz = 0; that is, 

C. Every xy- and yzdifferentiant is also an x2-differentiant ( xyz-differenti- 
ant). From this theorem it appears that every chain-differentiant has every 
simple differentiant character that is defined by two letters of the corresponding 
chain, taken in the sequence in which they occur. 

It is evident that 

D. If two given shear-operators are commutative, the result of applying any 
power of the first to a form that is annihilated by the second is also a form 
annihilated by that second operator ; 
that is, the repeated application of one of two commutative shear-operators does 
not affect the simple differentiant character defined by the other. Similarly, 
from the second and third formulae of (18), together with theorem D, it appears 
that, 

E. If bis an xy- and xz-differentiant, so is also yeep: and, if dis an 
w2z- and yz-differentiant, so is also ary" 
provided, in each case, the result is not identically 0. 

A polynomial that has a// the simple differentiant characters that are defined 
by pairs of variables taken from a certain set (including both orders of each 
pair) may be called a complete differentiant relatively to that set of variables. 
In the paper in vol. 41 of the Annalen to which I have referred, I have 
proved that every isobaric complete differentiant in a// the variables is a covari- 
ant (or invariant); but the proof shows also that an isobaric complete differen- 


tiant in any set of variables is simply multiplied by a power of the determinant 
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of transformation when the variables of that set alone are subjected to any 
linear transformation. 

From (19) follows also that 

F. If ¢ is a form of weights w, and w, in x and y, respectively, and of 
rank » qua ry , then w,— wv, = r (of consequence only if w, < w,). 

Theorems B and C show that an isobaric chain-differentiant is 2 complete 
differentiant in the variables defining the chain provided it is of one and the 
same weight in those variables (which, by theorem A, requires only that it shall 

of the same weight in the first and last variables of the chain). 


9. In the papers cited in § 1 * I have shown that the operators 


{U5 Uy 2%, 
> (-1)° (w,—w,+v)! var-vy? -- 
a! 
and 
U3 
(w,— v)! yo? - ve 
a! Bly!.---el (o+u,—w,+4+r)! 


where v is the number of variables x, y, z, ---, u (without v), the summa- 
tions extend to all integral but not negative values of a, 8, y,---, e, and 
o=a+8+%7+4+---+€ for each term, have, when applied to a form ¢ of 
weights w,, Wy Wey Wyy W, in @, Y, 2, UV, respectively (whatever the 
number of other variables and the weights of ¢ in them may be), these properties: 
{Us U, +++, ZY, LX} is an 
vu-, xv-differentiant of the same type as (if it is not identi- 
cally 0), is the most general differentiant of that type and these characters if 


If is an wxy-, xu-differentiant, 


is the most general differentiant of its type and the characters stated, and is 
itself if that form is an xy-, x2-, xu-, xv-differentiant. 

If is a yu-, +--+, ux-differentiant, {x, v}- is a ya, 
+++, ve-differentiant of the same type as (if it is not identically 0), 
is the most general differentiant of that type and these characters if $ is the 
most general differentiant of its type and the characters stated, and is > itself 
if that is a yu-, +++, ux-, vx-differentiant. 

The summation in (21) is naturally limited to values of a, 8, y, ---, € such 
that o = w,, and that in (22) to values of a = w,, BSw,, ySw,, ---,€=w,. 

In particular, if ¢ is any form of type (w,, w,),f 

*E. g.. Mathematische Annalen, vol. 41 (1893), pp. 485-489. 

TIf ¢ isa form involving only the coefficients of the quantics (that is, a form of order 0) for 


which wz = wy, this formula is equivalent to that for [9] given by HILBERT, Mathematische 
Annalen, vol. 36 (1890), p. 523. 


z 
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wy (w,—w,+1)! ~ 
(23) LYs $= 1) a!(w,—w,+a+1)! Yu xy 
is an xy-differentiant of the same type as ¢ (if it is not identically 0), is the 
most general xy-differentiant of that type if $ is the most general form of the 
type, and is > itself if that is an xy-differentiant. 

In applying (21), (22) and (23) to any particular form ¢, it is to be observed 
that the values of w,, W, 9 0,4 +++, W,, W, to be used are the weights of that 
form. 

If is any form of type (w,, w,, W,, w,)s 


is an xy-, x2-,---, eu, xv-differentiant of that type, and 
(25) [6], = ys us [ary yy ey fry ys fers 


is a yw-, za-,---, ux, vx-differentiant of that type. 


II. Determination of denumerants in general. 


Let wy be any one of the differentiant characters included in the conditions 
for the denumerant, let the aggregate of all the other conditions be represented 
by X, and let (a, 5) be any given type (to specify the weights in » and y alone). 
If the shear-operator xy, or differentiant character ay, is so related (or unrelated) 
to the conditions A that the form ry! - satisfies the conditions A for every 
form ¢ that satisfies them and every value of / for which ry" -¢ is not identi- 
cally 0, we shall say that the operator ry, or the differentiant character xy, 


does not interfere with the conditions A. 


10. If the differentiant character xy does not interfere with the conditions 
K, the forms <y’-¢ derived from the forms ¢ of a complete system of type 
(a, 6) satisfying the conditions AK and reduced qua ry by operating on each 
such form ¢ with the power of ry whose exponent is the rank of that form ¢ 
qua ry are linearly independent xy-differentiants of the types (a+r, b—7) 
subordinate to the type (a, b) qua xy, by $4. Therefore, the number of lin- 
early independent xy-differentiants of any type (a +7, subordinate to 
(a, 6) qua ry is at least as great as the number of forms of rank 7 in a com- 
plete system of type (a, 0) satisfying the conditions A” reduced qua ry 3 that is, 
for 0 =r=r’, 

(26) Nv (a,b) = (a+r, b—r), 
from which follows 


y’ 


(27) b) (a, b) = Nx ry (@ + b r), 


r=) 
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where 7’ is the greatest value of r for any possible type (a + r, b — r) subor- 
dinate to (a, 6) qua xy 

11. If, for each value of r from 0 tor’, the greatest value of 7 for any pos- 
sible type subordinate to (a, b) qua ry there exists a determinate * distributive 
operator , such that the forms  y obtained from a complete system of zry- 
differentiants yy, of all types (a +7, b —7) subordinate to (a, b) qua xy that 
satisfy the conditions A are linearly independent} forms of type (a, 5) that 
satisfy the conditions A’, then the number of linearly independent forms of type 
(a, b) that satisfy the conditions A’ is at least as great as the number of linearly 
independent 2y-differentiants of all types (a + 7, 6 — 1) subordinate to (a, 
qua ry that satisfy the conditions A: that is, 


(28) (a, b) = b). 


12. If the conditions of both §10 and $11 are satisfied, we have, by (27) 
and (28), 
(29) = > Ne (a,b) = N;z(a, b), 


r=0 r=0 


and, because (29) cannot be satisfied unless the sign of equality is to be taken 
in (26) for every value of r from 0 to 7’, inclusive, 


(30) Nin (a,b) forOSrer’. 


In this case, for any particular value of 7, the forms ry’ of § 10, being, as 
we have there seen, linearly independent xy-differentiants of type (a 4-7, 6 — 1) 
that satisfy the conditions A, and being, by (30), just equal in number to the 
number of such linearly independent xy-differentiants, in themselves consti- 
tute a complete system of linearly independent y-differentiants of type 
(a+r, b—r) that satisfy the conditions AX: for any particular value of 7, the 
forms y, of § 11 are, then, linearly independent linear functions of the forms 
xy’ of § 10, and vice versi, and the former forms may be replaced by the 
latter, whenever it may be convenient ; that is, when we are considering simply 
a complete system of linearly independent xy-differentiants of a type (a+7, b—r) 
subordinate to (a, b) qua xy satisfying the conditions A, we may take these 


ay-differentiants to be the forms xy’-¢ derived from the forms ¢ of rank r in a 


complete system of type (a, ), to which (a + 7, b —r) is subordinate qui 2Y 


* By a determinate operator , I mean one that depends on the type (a, b) , the conditions K, 
the differentiant character zy, and the value of r, alone, and not at all on the particular form 
W, to which it is to be applied. 

t And, therefore, non-vanishing forms: for a vanishing form may be regarded as a linear fane- 
tion of any forms, having all its coefficients 0. 
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satisfying the conditions AK and reduced qua vy. Again, in this same case, the 
forms w,y, of §11 for all values of 7, being, as we have there seen, linearly 
independent forms of type (a, 4) that satisfy the conditions A, and being, by 
(29), just equal in number to the number of such linearly independent forms, in 
themselves constitute a complete system of linearly independent forms of type 
(a,b) that satisfy the conditions A; the forms ¢ of § 10 are, then, linearly 
independent linear functions of the forms oy, of $11 for all values of 7, and 
vice vers’: whenever we are considering simply a complete system of linearly 
independent forms of type (a, )) that satisfy the conditions A’, we may, then, 
take them to be the forms @, yf, obtained from complete systems of linearly inde- 
pendent sy-differentiants y, of all types (a +7, b —7) subordinate to (a, b) 
qua ry that satisfy the conditions A’: but it is to be observed that we have not 
shown that the forms y, although they may be replaced by the same number 
of arbitrary linearly independent linear functions of them for each value of r, 
can be so taken that the forms oy, for all values of 7 shall constitute a system 
reduced qua ary ,— however, it would be so if the forms yf, were of rank 7 for 
each value of r, as a little consideration will show. 


13. If the differentiant character xy does not interfere with the conditions 
K, so that (26) and (27) hold, and if, for each value of 7 from 0 to 7’ [the 
greatest value of r for which (a +7, 6—7) isa possible type subordinate to 
the given type (a, b) qua ry], there exists a determinate distributive operator 
w, such that the form , y, is a form of type (a, }) that satisfies the conditions 
K for every xy-differentiant y, of type (a+7r,b—~,) that satisfies the same 
conditions, and also such that 
(31) ny’ 0,4, = 
where S_ is a non-vanishing constant, then the forms @ yy, obtained from com- 
plete systems of xy-differentiants of all types (a+7r,b—~r) subordinate to 
(a, 6) qua ry that satisfy the conditions A are linearly independent. For, 
by (31), 


— 


= S = 0 if r<k, 


so that any linear relation between forms o,y, for which the greatest value of r 


* into a linear relation between the 


is k would be turned by the operator ry 
forms y, with non-vanishing coefficients, whereas no such relation exists ; 
therefore, such operators @, satisfy the conditions of § 11, so that their existence 
proves (28) and, because (26) and (27) hold, aiso (29) and (30); then, by $12, 
the linearly independent xy-differentiants of any type (a + 7, 6 —r) subordi- 
nate to the given type (a, b) qua ry that satisfy the conditions A may be taken 


to be the forms xy’ -¢ derived from the forms ¢ of rank r in a complete system 


of type (a, b) satisfying the conditions A and reduced qua wy. 


i 
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In this case, for any given value of / from 0 to 7’, inclusive, the forms :ry*-¢ 
of type (a +4, b—k) obtained from the forms ¢ of rank as great as k are 
linearly independent, for any linear relation between such of them as are 


obtained from forms ¢ of rank / and less qua xy (4 = A =r’) would be turned 
by the operator ay'~* 


into a linear relation between the linearly independent 
forms ry’ -@ derived from forms ¢ of rank h qui ry» Again, the types 
(a+r, subordinate to (a,b) qua ry for all values of as great. as k 
are also the types subordinate to(a+h,b—k) qua ry 5 and the «xy-differen- 
tiants xy’ = ay’ ry -@ derived from the forms ¢ that are of rank r qua ry 
are the xy-differentiants derived from the forms ryt that are of rank r — k 
qua xy, so that the latter forms constitute a system reduced qua xy Finally, 
the operators ry -@, for all values of r as great as k turn the linearly indepen- 
dent xy-differentiants ry” - g into linearly independent forms of type (a+-k, b—k) 
and rank 7 — k qua ay that satisfy the conditions A and for which, by (31), 


xy" = xy’-o,-xy’-b = 


which is what (31) becomes when the system of forms ¢ is replaced by the 
system of forms xy*-¢, so that formula (29) and (30) hold also if the type 
(a, 6) is replaced by the type (a + &, b—k) and, of course, the limit r’ of r 
by the limit r°—k of r—k. The resultant formulz are, evidently, equivalent to 


r’ 


(32) Na, = Nx(a+ b—k) 

and 

(88) Nz .,(atr,b—r)= Ne "*(at+k,b—k) for 

On subtracting (82) from (29), member from member, we get, for 1 =k=r’, 
(34) b—r) = N,(a, b)—N,(a+h, b—k) = (1—ay*)- N;(a, 5), 


and, in particular, for k= 1, 
(85) 2, (a, 0) = Nx(a, 6) — + b), 


by which (if the conditions for its validity are satisfied) the number of linearly 
independent forms of given type that satisfy the conditions AK and have the 
additional differentiant character xy is determined when the numbers of line- 
arly independent forms of certain types that satisfy the conditions A are known. 
In other words (35) is a formula for the addition, in a denumerant, of a differ- 
entiant character to other conditions with which it does not interfere. 


14. Whatever differentiant and numerical conditions may be given, it seems 
easy to select one of the differentiant characters that shall not interfere with the 


Trans. Am. Math. Soc. 4 


i 
é 
4 
be 
4 


50 W. E. STORY: DENUMERANTS [January 


aggregate of the other conditions and, for each of the possible values of r, to 
find an operator w, that shall have all the properties stated in § 13, excepting 
the last, that is, that the constant S, shall be different from 0 for each value 
of r. At least, that is the only difficulty that has presented itself to me in my 
attempts to determine the denumerants for triple and higher differentiants. 

Evidently, the reasoning of §§ 11-13 requires that there shall be forms of 
type (a, 6) that satisfy the conditions A if there are forms of any type sub- 
ordinate to (a,b) qua ry thut satify them and we shall find that, at least in 
the cases we consider, the operators , that naturally suggest themselves do not 
satisfy (31) with a non-vanishing constant S_ for all the values of r in question 
unless b=a, which, by theorem A of § 8, is a necessary, though not sufficient, 
condition that there shall be xy-differentiants of the type (a, 5). In other 
words, we shall find it impossible to use (35) unless the type (a, 6) is such that 
the condition of theorem A of § 8 is satisfied by the weights in ail the pairs of 
variables that define the differentiant characters for the denumerant to be deter- 
mined. But this is really no limitation to the use of (35), because the left mem- 
ber of this formula implies these relations between the weights, or else its value 
is 0. 


15. The numerical conditions included in A may be of very different kinds, 
of which it would be impossible to state all that it might be useful to take into 
account, but we ought to mention one class that we shall have occasion to con- 
sider. Numerical conditions satisfied by the derivatives of a system of forms 
relatively to a given shear-operator may be regarded as conditions satisfied by 
the forms of the system. In particular, that the rank qua yz of the derivative 
qua ry of any form ¢ of a complete system of type (a, }) satisfying certain 
other conditions shall Jie within given limits is admissible as a numerical con- 
dition to restrict the system further, and will be satisfied by the derivatives of 
the restricted system; the «y-differentiants wy, of types (a+r, b—r) must 
then be taken to satisfy the same condition, namely, that their ranks qua yz 
shall lie within the given limits. It may be that the conditions A can be 
separated into two sets, of which the second set contains only conditions that are 
satisfied by a// forms ¢ of type (a, 4) that satisfy the conditions of the first set 
set and by their derivatives qua xy: the conditions of the second set need be 
specified only for the wy-differentiants y, of types (a +7,b—7r). 

For example, if the differentiant character xy does not interfere with the con- 


ditions K (representing only the conditions of the jirst set); if the rank qua 72 


of the form x7" -¢ lies within limits I, to 1), dependent only on the given type 
(a, 6) and the value of £, inclusive of both limits, for every form of type (a, b) 
that satisfies the conditions A and for every value of k for which ry" -¢ is not 
identically 0 (the one condition of the second set); and if, for each value of r 
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from 0 to r’ [the greatest value of r for which (a +r, b —71r) is a type sub- 
ordinate to (a, b) qua xy ] , inclusive, there exists a determinate distributive 
operator such that the forms y, obtained from the xy-differentiants 
whose ranks qua yz lie within the limits 1, to l', inclusive, in complete systems 
of all types (a+r, 6b —7) subordinate to (a, b) qua ry satisfying the condi- 
tions AK and reduced qua ye are forins of type (a, ) that satisfy the conditions 
K and the identity (81), where S, is a non-vanishing constant ; then, by (29), 


ad 
(36) Ve, (a+7r,b—r) = N,(a, 


r=0 p=/, 


III. Simple differentiants. 


16. In this section we consider only forms of a given order in the variables, 


§ of given degrees in the coefficients of the several quantics, and of given weights 
¥ in the several variables excepting two, say x and y. For any such form of type 
: (w,, w,) we have, by (2), w, + w, =o, where o is a constant, that is, is the 
t same number for a// the forms considered. It will be convenient to represent 
w,, temporarily by a simpler symbol (or a’): then, w, = —a (ora —a’). 
For xy-differentiants of a given type (a, — a) there are no conditions except- 
& ing the differentiant character xy and the types subordinate to (a, o — a) qua ry 
are the types (a + r, o — a —7r) for which 0 = r = o — a (it may even be that 
has a smaller upper limit thano—a). If is any ry-differentiant of one 
of these subordinate types, say (a’,o — a’) for r= a’ —a, wherea =a’ =o 
and = a’, by (20), then 
by (18), because ay wy, =9, 


, 
a~-—a 


4 which is not identically 0 if o—a’ =a=a’ Sc: therefore, by (35), if 
l¢g=a=a, 


is a form of type (a, ¢ — a) for which, 


, 
a-a 


or, if we replace a by w, and o — a by w,, 
(37) w,,w,)= (1—2y)-N(w,, w,) for w, = w,. 


This is CAYLEY’s formula as extended to a system of any number of quantics in 
any number of variables. 

Formula (37) shows that the number of linearly independent linear equations 
between the coefficients of the general form ¢ of type (w,, w,) implied by the 
identity xy: = 0 is just the number of terms in the general form of type 

M vy:(w,, w,), that is, that the linear equations implied by this identity are Jin- 
early independent, as Cayley assumed. This proves also that, if ¢ is the general 
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form of type (w,, w,), then ry - is the general form of type (w, + 1, w,— 1) 
and, therefore, ary! -¢ is the most general form of type (w, +k, w, —) for 
every value of k for which this type exists. 

Incidentally, formula (37) shows that, of the general forms of two types that 
differ only in the weights in two variables, that has the more terms in which the 
weights in the two variables in question are the more nearly equal (unless they 
have the same number of terms, in which case the general forms of all interme- 
diate types, —types subordinate to one and to which the other is subordinate, — 
have that same number of terms). 

Again, formula (37) gives the number of linearly independent covariants or 
invariants of any system of binary quantics if x» and y are the only variables 
and w, = w,, by theorems A and B of § 8, because every wy-differentiant for 
which these conditions are satisfied is a complete differentiant in x and y and, 
therefore, a covariant or invariant. 


IV. Double differentiants. 


In §§ 17-22 we shall consider only forms of a given order in the variables, 
of given degrees in the coefficients of the several quantics, and of given weights 
in the several variables excepting three, say x, y,andz. The type of sucha 
form shall be regularly denoted by (w,, w,, w,), representing only the weights 
in x, y, and z, in this sequence, so that, by (2), w, + w, +w=o, where o has 
the same value for a// forms considered; but, in the deduction of formulae, it 
will be more convenient to represent two of these three weights by simple letters, 
and for this purpose we shall put either w,=a,w,=6 and w,=ao—a—b, 
—or w,=a—b—ec, w= b, and w,=c, —accenting a, b, or c when we 
have occasion to represent more than one value of either. 


17. If x is an xz- and yz-differentiant of type (o — b’ —c, b’, c),— where, 


by theorem A of § =b' =o — 2c,—so that xz-y = 0 and = 0, 
then, by (17) and (18), é 


= = 0 and ye x = xy" = 0, 


so that the differentiant character xy does not interfere with the differenti- 
ant characters xz and yz. The derivatives of xz- and yz-differentiants of the 
given type (a — b' —e, b', c) qua ry are, then, xyz-differentiants of types 
(o—b—c, b, c) subordinate to (c—b’—c, b’, c) qua ry for which 
=o—b—c and b = }(c—c), by theorems A and F of § 8. 
If y,,_, is any xyz-differentiant of type (o — b —c, b, c), — for which, in the 
notation of §§ 10-13, r = b'— b and 0 = r = b’— c,— then, by (17) and (18), 


Vy _ , ye” - —b)-yx = 
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and 
so that ya’ is an and yz-differentiant of type (o—6'—c, b,c), 
if not identically 0, for which, by (18), 
py, = —b)! — 2b — 


where the multiplier of y,,_, is a non-vanishing constant if b = 6’ =a—b—c. 


Therefore, if 0 =c=b' =}(c-c), 


—b' —c, b',c) —b b,c), 
b=c 
by (28), and 


— —C, b',c)=(1- ay): 
by (35), while, if 0 =c=b=0b' =}(c—-c), 


b,c), 


Ne, ~(o—b' —c, b’,c)=N,,,(¢ —b—c, b,c), 
y ( 


xryz 


by (30); or, when « — 6’ —c is replaced by w,, 6’ by w,, ¢ by w,, and 6 by 


—r,ifw,=w,=w,, 


(38) Wr Wy, = (, +7, w.) 


r=0 


and 
(39) W,, Ww.) = (1 — ary ) Wis, ys (Wes Wys 


while, if w, = w, =w,and0 =r Sw, —»,, 


(40) NZ", (w,, = +7, W,)- 


Also, by § 12, the forms yx’’—’-y,,_, obtained from complete systems of xyz-dif- 
ferentiants of all types (c—b—c, 6b, c) subordinate to the given type 
(o—b’—c, b’, c) qua xy constitute a complete system of xz- and yz-differen- 
tiants of the latter type if 0 =c=b'=}(c—c). 


If x isan wy- and «z-differentiant of type (a, 6 b',c—a—b’ — where, 
by theorem A of §8,o¢—2a= =a,—s0 that x = 0 and = 0, 
then, by (17) and (18), 


so that the differentiant character yz does not interfere with the differentiant 
characters xy and xz. The derivatives of xy- and 2xz-differentiants of the 
given type (a, b', c—a,— 6’) qua yz are, then, xyz-differentiants of types 
(a, b, c—a—b) subordinate to (a, 6’, c—a—b’) qua yz for which 
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=), by theorems A and F of 
§8. If w,_,, is any xyz-differentiant of type (a, b, o — a — b),—for which, in 
the notation of $$ 10-13, r =) — b’ and 0 =r = a — b’,—then, by (17) and 
(18), 


and 


so that ay?” -v,_,, is an and x2-differentiant of type (a, 10’), if 
not identically 0, for which, by (18), 
yo” = (6 b’)! (a + 2b — 


where the multiplier of y,_,, is a non-vanishing constant if o—a—b=b'=b. 
Therefore, if —a) 


(a, .(a,6,¢0—a—b), 


b=b’ 


by we and 


by (85), while, 


ry, xyz 


by (30), or when a is replaced by w,, b’ by w,, ¢ — a — b’ by w,, and b by b'+ 7, 


ifw Sw =w., 
y zx 


(41) Nyy, Wy, = +7, W, —7) 
r=0 
and 
(42) (Wey Wy, W,) = (1 — yz) Nyy Wys 
while, if w, =w,=w, and 
(43) Ne W,, W,) = N, yz Wy 


Also, by § 12, the forms zy, obtained from complete systems of xyz- 
differentiants of all types (a, b, e—a—b) subordinate to the given type 
(a, b,o—a—b’) qua yz constitute a system of xy- and «xz-differ- 
entiants of the latter type if }(o —a) 


19. If ¢ is an xy-differentiant of type (a’, b', c—a—b’), where, by theorem 
A of § 8, =o so that xy: = 0, then, by (17), 


ay = = 0, 
that is, the differentiant character xz does not interfere with the differentiant 


. 
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character xy. The derivatives of ry-differentiants of given type (a’,b',c—a' —b’) 
qua are, then, ay- and of types (a, 6’, — a — b’ ) for which 
o¢—a—a =b =a =a=c— by theorems A Fof §8. Ify,_,, is 
any xy- and tities of type (a, b'’,c—a—b’), — for which, in the 
notation of §§10 —13, r=a—a’ and 0 —b’, —then, by §9, 
{y:2} 
identically 0. 

Now, by § 18, if —a) =b’ =a — J’, we may take a complete sys- 
tem of xy- and xz-differentiants y,_,, of type (a, 6’, — a — 6’) in such manner 


is an axy-differentiant of type (a’, b',o—a' —b’), if not 


that any one of them of rank 6—b’ qua yz can be represented as . 
where _,, is an «yz-differentiant of some type (a, b, — a — b) subordinate 
to (a, b', c—a—b’) qua for which b’ =b=aandb=ca—a. Then, 
~ ~ 
LY*X,- = 9, 
=0, = 0, Vy = 0, 


and, therefore, 


so thai, by (17) and (18), 


= 


=) 
8 


a—a’ 


= (a—a')!(a—a’)®-(2a+ 6’ ye zyp 
=(a—a’)!(a—a')®-(2a+ —c—a)**™ -(b—B' + a) 

x (a+b 4B y 


(2a+b'—a—a2)! (b—b'+a)! 


b’—oc)! 
~ (at+a+b—c)!(b—8)! 
and, by (23), 
where, by (15) 
_(a—@)! +1)! (a+b4+b—c)! & 
( o)! 


a—a’ (b—0')! (a+a’ +b'—a)! 
a—a (2a + 
x ): (a +a4 
)! (a+ a’ + a)! 2a+b/—o, a’—b’/+19 
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which, by (14) and (16), is a non-vanishing constant if c—a—b=b' =b=a =a; 


so that, at least when these conditions are satisfied, the derivative of the form 
x}- qua xz is a non- vanishing constant multiple of 
Observe that the condition — a — is satisfied if }(o —a’)=b'=b. 
But, if i is an xy-differentiant of type (a, b',o—a’ —b’) and of rank 
qua #2, its derivative qua x2, namely is an and xz-differ- 
entiant of type (a, and, say, of rank qua so that 
is a non- vanishing xyz-differentiant of pe (a,b,0—a— 
where, by theorems A and F’ of §8,¢—a— Sb’ =a =b=a, 


and — a— b’=); then, by (18), because ry o@=0, 


by (14), while 
ry” -a’+1, =0; 


therefore, - is a non-vanishing form of type (a’, a+ b—a',o—a—b) 
and rank a— a’ qua xy, so that, by theorem of §8,a+6b—2a’ =a—-a’, 
that is, b = a’; the types of ¢ and its successive derivatives qui az and qua yz 
are, then, so related that c —a—b=b' = 

If, then, }(o —a) Sa the xy- and xz-differentiant 
X.—a of type (a, b’, c—a—Db’) subordinate to (a’, qua wz and of 
rank — qua yz is turned by the operator {y; x} into an xy-differ- 
entiant of type (a’, b',o—a —b’) satisfying the condition (44) with a non- 
vanishing value of the constant S__,, if b’ =b =a’; the condition (44) is 
equivalent to (31) if, in the latter, 7 is replaced by a — a’, xy by 2, vy, by 
Xo’) and w, by {y; x} -20°—” ; and the conditions b’ = } = a’ are satisfied by 
every xy-differentiant of type (a’, a’ —b’) whose derivative qua az of 
type (a, b', c—a—D’) is of rank b—D’ qua Yr Therefore, by (36), if 


a’ 


b=’ a=a’ 
or, by (43), 


aw 


b=b’ a=a’ 


where, however, the upper limit of 6 is c—a’ if }o=a’, because otherwise 
there could be no summation qui a. Evidently, the summations qui r and p 
in (36) may be performed in either order if the limits are properly taken, and 
here it is more convenient to sum first with respect to r (a — a’) and then with 
respect to p (b — b’). 
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If ) =a —1, (45) holds also if a’ is replaced by 
a’ +1, and when we subtract the result of the replacement from (45), member 
from member, we find 


a’ o—a’—1 


>> Ny 2(@'s b,a—a —b)— —1) 
(46) a=a’+1 


if a’ = 3c, but 


o—a’ 


(47) > —b) =(1—2z)-N, 

if 40 = a’; the special case a’ = }(o — 1) requires a’ to be taken as the upper 
limit of b before the replacement of a’ by a’ + 1 and o — a —1 =a afterward, 
and the result of the subtraction is (46); in the special case a’ = 3c, (46) and 


(47) are identical ; the second sum of (46) vanishes if a’ = 3¢ or (0 —1). 


If 3(0—a’) =a’ 0D’, that is, if }o =a’ and =o — a’, (45) 
gives directly 
(48) 0), 


which is consistent with (47) [and with (46) if 6) =a’ = to ] ,— because 
xz by §5,—and true, because every xy-differentiant 
of weight 0 in z is an 2yz-differentiant, by the foot-note to §5. So that (46) 
holds if =a and a’ =}e, while (47) holds if 
Sa So—D' and hoa’. 

If <a’ —1, (46) holds for a’ and (47) for 
3o¢ =a’ when b’ is replaced by b’ + 1, the difference of the formule before and 
after replacement, in either case, being 


(49) —b’)=(1— yz)(1 wz): N,,(a’, b',c—a'—b’), 


which, because yz, xz and yz-xz annihilate N,,,(a', ¢ — a’, 0), ineludes also 
(48), —that being the case of (49) for which a’ =o — 0’. 
If }(o—a’) =a’ that is, if 40 =a’ and b’ =a’, (45) 


gives 
o—a’ 


> a,o—a—a)=WN, 


xy 
a=a’ 


(a’, a’, 2a’) 


or, with the replacement of V,.(a, a’, ¢ — a —a’) by its expression from (49) 
for all values of a greater than a’ [for which, evidently, (49) holds], 


N,,,(@, @, ¢— 2a’) = N a’, — 2a’) —(1 — xz) 


x WV. (4, a’,o—a—a’) 
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=N_ (a, a, (a +1, a, + yz NV, (a +1, @, o—2a'—1) 
= + az-yz)-N,, a’, — 20’) 
= (1—yz)(1—2z)-N, (a, a’, — 2a’), — 


because yz: N,,(@; a, o—2a’)= a’ +1, —1)=9, by 
theorem A of § 8,— and this result is what (49) becomes for b’ = a’.* There- 
fore, (49) holds for }(¢ — a’) =b'’ =a’ Sa — 0’, that is, for all types of which 
there can be xyz-differentiants in accordance with theorem A of § 8. 

On replacing WV, (a’, b’,¢ — a’ — b’) in (49) by its expression from (37), we 


have, if }(o—a’)=b' Sa 


xyz 
after the restoration of w_, w,, wv, for a’, — a — b’, respectively, we have, 
ifw 
z y 


(50) ,) = (1—y2)(1—a2)(1 —2y)-W(m,, 
By § 5, wy, xz, and yz are commutative and xy-yz = xz; therefore, (50) may 
be written 
NV (W, )=(1 —xy — + az)(1 —2z)-N(w,, W, 


(51) 
=[1—ay—yz+ (xy t+ 


In particular, if w, = W,, 
N(w,, w,, v,)= N(w,, w,+1,w,—1)= V(w, +1, w,, w,—1) 
so that 
NV W,) = (1 — + x2z-yz)(1— ay ) ‘-N(w,, w,, 


as we have already seen in the special case of (49) for which 0’ = a’. 
20. In combination with (43), (41), and (37), formula (49) gives 


(52 
= (1 —yz)(1—2z)(1—2y)- N(w,, w,, 


if w, Sw, Sw,and 0 Sr —w,, and 


Nyy, Wes =(L—az): (1—yz)-y2"- N,,(w,, w,, w,) 


r=0 


=(1— az) -[WN,,(v,, v,, ‘NV, (Wz 5 Wz, W, + w,— w,) | 


*If a’=}c, the sum in the first expression for Nzyz(a’, a’, 7— 2a’) vanishes and we have 
Nuyz( 40, 40, 0) = Ni,(40, 40, 0), which is a particular case of (49), — because xz and yz 
annihilate N,,(40, 40, 0), by § 5, —and this formula is true, by (48). 
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wy, Nog (Wey Wey ty +10, — We), 
that is, by (37), 
Wy, W, ) 
w,) + +1, v, +1, w, + w, — w, — 2) 
= (1 —ay)(1 —2z)-N(w,, w,, w,) 
+ 


(53) 


if wSu,Sw,. If vw +w,<w,+ 2, the last term of each of the expres- 


sions for zz(W,, w,) given by (538) vanishes. 
Because the sequence of variables is unessential, (52) gives, if w, = w,=w 


and 0 =r =w,—vw,, 


NH Way = (1 — y2)(1 —22)(1 — ay): — 1) 


by (19), from which follows, when r is replaced by r + W,— W,, 


Ne Wy, w,) =(L—yz)(1— wv, +7, w,—7) 


if wv, = Sw, =w, and w,—w =r =w,—vw,, but this formula is identical with 
<= 


(52); thuselleve, (52) holds if w, 
without regard to the relative values of w, and w, (of course, r is not negative) ; 

that is, (52) holds for al/ types of which there can be xy- and «z-differentiants 
in accordance with theorem A of § 8 and for all possible ranks of such xy- and 


and w,—w, =r Sw,—w,, 


az-differentiants qua Yes by theorem F’ of § 8 and by § 18. 


= 


Similarly, (53) gives, if w, = w, =w,, 
22( Wz Wy) 


zy 
=(1—2y)(1—2z)- M(w,, w,, w,)+(1—ay) -N(w,+1, w,+1, w,+w,—w,—2) 


which is identical with (53), so that (53) holds if w, = w, and w, = w,, without 
regard to the relative values of w, and w.; that is, (53) holds for all types of 
which there can be xy- and xz-differentiants in accordance with theorem A of § 8. 


21. If ¢ is a yz-differentiant of type (o—b'— c, b’, c’), — where, by theorem 
A of § 8, c¢ = b' So —c’,—s0 that yz-¢ = 0; then, by (17), 


ye: 
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that is, the differentiant character xz does not interfere with the differentiant 
character yz; the derivatives of yz-differentiants of given type (« — b’—c’, bY, c’) 
qua ma a are, then, #z- and ye-differentiants of types (o — b’ —c, b’, c) for which 
0S¢S¢5b Se0—c—C, by theorems A and F of §8; if x,_, is any xz 
and pr of type —b'—c,b, ¢),—for which, i in the notation of 
§§ 10-13, r = and 0 =r = c’,—then, by § 9, {z; y} 1S YZ 
differentiant of type (o — b'—c, b,c’), if not identically 0. 

Now, by § 17, if 0 =« =b'=4(¢—c), we may take a complete system of 


xz- and yz-differentiants y,_, of type (o— b’—c, b,c) in such manner that any 


one of them of rank b’— qua ay can be represented as y,_. = 
where y,,_, is an xyz-differentiant of some type (o — 6b —c, b, c) subordinate 
to (o —b'—c, b,c) qua xy for which c = b = 0’; then, 


= 0, = 0, 
vy Wy, =0 = 0, Vy = 0, 


and, therefore, 
= 0 and x28 - = 0 if 
so that, by (17) and (18), 


YZ" 


Nene = (— — 
=(—1)*: 


—c 


= (c’—c)!(e —c)®- (co —b'— 2c — a)?" - (0 —b 4 al 
x (oc —c)®- yx" -,_, 
_ (e—c)! b+a)! 
~ (o—b—c—c)! — (c—b—b’'—c—a)! 
and, by (23), 
(54) fas y} Sy es 
where, by (15), 


= — 2c — 


b—c’+1, c’—e 


(b°—b)! (o—b’ —ce—c)! o —b/—2c, b’—c’+19 


(c’ —c)!(b' +1)! (co —b—d'—c)! 


| 
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which, by (14) and (16), is a non-vanishing constant if e=¢c’ =b=b' Sac—b—e; 
so that, at least when these conditions are satisfied, the derivative of the form 
qua is a non-vanishing constant multiple of xX 
Observe that the condition = o—b—c is satisfied if b= b' = 4 
But if is a y=differentiant of type (o —b’—c’, and of rank 
e’ —ec qui xz, its derivative qui namely is an and yz-differen- 
tiant of type (o—b’—c, b,c) say, of rank 6’ —b qua ry, so that 
ary’ is a non-vanishing xyz-differentiant of type (o — b —c,b,c) 
for which, by theorems A and of §8,0 Se Se¢ 


and b = o — b’ then, by (18), = 0, 


by (14), while 


therefore, is a non-vanishing form of type b+e—c, c’) 
and rank — qua Yes so that, by theorem of § 8, 2c’ —b—c=c’ — that 
is, c = b: the types of 4 and its successive iahidiinn qua xz and qua ry are, 
then, so related that =cSe 

If, then, = }(o—c’), the xz- and yz- differentiant y,_, of 
type (o — b'—c, v, c) subordinate to (o — b’—c’, b’, ec’) qua az and of rank 
b’ — b qua ay is turned by the operator {z; } into a yz-differentiant of 
type (o — b' — cc’, b’, c’) satisfying the condition (54) with a non-vanishing value 
of the constant S,_, if c =b = 0b’: the condition 1 (54) i is equivalent to (31) if, 
in the is replaced by — ry by wz, by x _,, and by 

2; y} and the conditions c’ = 6 =D’ are satisfied by every yz-differen- 
tiant of iP — b'—c’, b’, c’) whose derivative qua xz of type (o —b’—c, b’, c) 


is of rank b’ — b qua ay» Therefore, by (36), if 0=c =b' = 


e=0 b=c’ 


or, by (40), 


(55) N,,.(¢ —b—¢, b, c)= NV c’). 


c=0 b=c’ 
If1=c =b'=4(e¢—’), (55) holds also when ec’ is replaced by c’ — 1, and 
when we substract the result of the replacement from (55), member from mem- 
ber, we find 


6s) | 2% (o—b—c,b, 


7 

1 

- py’ dg = 0; 

4 

I 

ay 
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If c’ = 0, (56) is identical with (55), because xz - N_.(o — b, 6, 0) = 0 and the 
second sum in (56) vanishes by the general principles of summation ; therefore, 
(56) holds for 0 = = b' = Cc’). 

If 0 Ste’ <b’ = 4(¢ —&’), (56) holds when 0’ is replaced by b’ — 1, the dif- 
ference of the formule before and after replacement being 
(57) —c, b,c’) =(1—-ay)(1 —2z)- N —b—c, b,c). 


If0=e¢=b' =} (¢—’), that is, if 0 = = to and b’ (55) gives 


c=0 


or, with the replacement of V.(o—¢—c’, c’, c) by its expression from (57) 
for all values of ¢ less than ec’ [for which, evidently, (57) holds], 


yz 


c’—1 
N_ — 2c, ¢) = N — 2c, —(1—2y): (1 — 22) 


x V — 2c, ¢,¢)— N — 2c’ 41, 


, 


+ay-N (¢—2¢4+1,¢,¢—1)= (l—az+ay-az)- N 
= ( 1 — vy )(1 — = 2c’, c’), 
because wy: V — 2c’, = N — +1, &—1, =0, by theorem 
A of $8, — and this result is what (57) becomes for 4’ = c’.* Therefore, (57) 
holds for 0 = ¢ = b =3(e0— cc), that is, for a// types of which there can be 
vyz-differentiants in accordance with theorem A of § 8. 
On replacing N,.( a —b'—c’, b,c’) in (57) by its expression from (37), we 
have, if 0 =c 


N, be )=(1— ry ) ( 1—2z)(1— N(o —b’—c, b, c’) 


after the restoration of w,, w,, w, for ¢ — b’ —c’, b’, ce, respectively, we have, 


=w, 
z 


(58) WN, =(1—ay)(1 —2z)(1 — N(w,, w,, w.), 
which is identical with (50) and (51). In particular, if w, = w,, 
ry N( wi N( w +1, — w.) 
= V(w,+1, 
so that 
w,) = (1 — + az) (1 — N(w,, w, 
as we have already seen in the special case of (57) for which b’ = ce’. 


* If c’ = 0, the sum in the first expression for Nz,z(o— 2c’, c’, ce’ ) vanishes, but the result is 
valid, by (55) for b’ =e =0. 


)s 4 

a 

4 


1907] OF DOUBLE DIFFERENTIANTS 63 


22. In combination with (40), (88), and (37), formula (57) gives 


= (1 —ay)(1 —az)(1— N(w,, w,, wv.) 


ifw, Sw, —w_, and 


W,,W,, + ay (w,+w,—w,, w,, w,), 

that is, by (37), 
Nas, gah 


» 


=(1—2z)(1—yz)- N(w,, w ,w.) +(1—yz)-N(w,+ —w, +2,u.—1,w,—1) 


if w,=w, =, If w.=0, the last term in each of the expressions for 
y2(Wes Vanishes and we have 
Wy, 9) = N,,(w,, w,, 0) = N(w,, w,, 0), 

as it should be, because every form of weight 0 in z is an wz- and yz-differen- 
tiant, by the footnote to § 5. 
Because the sequence of variables is unessential, (59) gives, if w,=w, = w, 
and 0 — WwW, 

a= Ww, 9 Ww, w. ) = ( 1 vy )( 1 — ) (1 ° N( w,, +- r,w,.—?, w.) 


= w,, w.) = (w,, 


by (19), from which follows, when r is replaced by 7 + w, — Ws 


Wy, W.) = (1 — vy) (1 —22z)(1— yz): N(w, +7, w, — 7, w.) 


xz, Y2 


if w= w, Sw, and w, —w, =r = w,—w,; but this formula is identical with 


(59); therefore, (59) holds if w,=w,,w,=w, and w Sr —w,, 
without regard to the relative values of w, and w, (of, course 7 is not negative); 
that is, (59) holds for a// types of which there ean be xz- and yz-differentiants 
in accordance with theorem A of § 8 and for a// possible ranks of such wz- and 
yz-differentiants qué ay, by theorem F’ of § 8 and by § 17. 


Similarly, (60) gives, if w, = wv, =w,, 
Wey = (1 — yz) 0,5 
+ (L—yz) x N(my +1, — 2, Wey ts) 
=(1—yz)(1—a2z) x N(w,, w,) 
+ (1—yz)W(w, + w,—w, +2, w,—1,0,—1), 


= ( 1 — ) [ A yz(™, 9 w_) N + )] 
| 
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which is identical with (60); therefore (60) holds if w, = w, and w, = w, , with- 


out regard to the relative values of w, and w,, that is, for all types of which 


there can be wz- and yz-differentiants in accordance with theorem A of § 8. 
Formulae (50) or (58), (53) and (60) express the denumerants of a// kinds of 


double differentiants whose defining pairs involve only three of the variables. 


23. The expression for the denumerant of double differentiants of a given 
type whose two defining pairs involve four different variables is found in the 
same manner in which that for simple differentiants was found «in $16. We 
consider only forms of a given order in the variables, of given degrees in the 
coefficients of the several quantics, and of given weights in each of the variables 
excepting four, say x, y,2, and s; in representing the type of such a form, we 
shall write the weights in these four variables alone, following the sequence of the 
variables as just given, thus: (w,, w,, w,, w,), so that, by (2), w,+w,+w,+u, 
has the same value for a// forms of our system. In determining the expression 
for the denumerant .V,, .,(w,, w,, w., v,), we shall confine our attention to 
the zs-differentiants that are of given weights w, and w, in z and s, respectively, 
— where, by theorem A of § 8, w, = w,, —and, in writing the type of such a 
z8-differentiant, shall express the weights in # and y alone, in this sequence, as 
(w,,w,). If four weights are written in the type, it is to be understood that 
they are the weights in x, y, z, and s, respectively: but if only two weights are 
written, they are the weights in x and y, respectively, and the weights in z and 
s are constant for all forms whose types are so written. In the latter represen- 
tation of the type, we shall replace w, by a(or a’) and w, by o — a (ora —a’), 
where o has the same value for a// the forms considered. 

If ¢ is a zs-differentiant of given type (a,¢—a), 28-¢ = 0 and, by (17), 
28-ay*-b = ry"-28- = 0, so that the differentiant character xy does not inter- 
fere with the differentiant character zs. The types subordinate to (a, ¢ — a) 
qua ry are types (a’,o—a’) for which a =a’ Sc (in the notation of $10, 
the zs character is the only condition and r= a'—a). Ifp,_, isan and 
zs-differentiant of type (a’, — a’) subordinate to (a, —a) qua vy, where 
a=a =a and =a’, by theorem A of §8, then is a form of 
type (a, — a) for which .= 28 = 9, by (17), and 


= (a — a)! (2a — 


by (18), that is, Se is a zs-differentiant that satisfies condition (31) 
[r=a'—a, =yx"~", and if 0 So and 
o—a=a’'. Therefore, by (35), if =a=c, 


Ny, ¢—a)=(1 


that is, on restoring w, for a and w, for o — a, writing the weights in z and s, 


| 
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and expressing the denumerant of zs-differentiants by (37), we have, if w, = 
and w, = w., 


(61) Ny (Wes 


ry, 


w,, wW,) = ( ry )( 1 —28)- N( W,, U,)- 


y? 


Formula (61) shows that, if ¢ is the most general form of any type of which 
there can be wy- and zs-differentiants in accordance with theorem A of § 8, the 
linear equations between the multipliers of the terms of ¢ that are implied in the 
identities xy = 0 and 2s- ¢ = 0 are linearly independent in this sense that, 
when ¢ shall have been determined as the most general form of its type (---) 


that satisfies the identity zs: = 0, so that the number of independent arbitrary 


multipliers of its terms is V.,(---), the number of linearly independent linear 
equations between these multipliers that are implied in the identity ry o = Ois 
N.,(- -). 

It is evident that the method of this section can be employed to determine 
the denumerant of forms of a proper type, in accordance with theorem A of § 8, 
that have any multiple differentiant character that can be compounded of two 
or more simple or multiple characters of which no two have a common variable 
in their defining pairs when we know the general formule for the denumerants 
of forms having the several component characters. For example, if /7 and A 
represent two simple or multiple differentiant characters such that no variable 
in the pairs that define /7 occurs in the pairs that define A’, if we know that 
Ni (---)= P+ N(---) for every type (---) of which there can be //differenti- 
ants and that V,(---) = Q-.V(.--) for every type (---) of which there can be 
K-differentiants, in accordance with theorem A of § 8, where P and Q are cer- 
tain type-operators, then, if (---) is any type of which there can be //- and A- 
differentiants, we shall have V,, ,(---)= PQ: N(.---). 

24. If wv, = w, = wv, = wv, we have, by (50) and (51), 

N,,.(w, w,w)= 

(62) +N(w+2,w—1, w—1)+N(w41, w4+1,w—2) — N(w+2, w, w—2). 
This is the culminating formula for denumerants of double differentiants. It 
gives, if #, y, and z are the only variables, the number of linearly independent 
invariants or covariants (according as the order is or is not 0) of any possible 
type (w, w, w) that belong to any system of ternary quantics; namely, as we 
have stated in § 8, every homogeneous and isobaric wyz-differentiant of equal 
weights in « and z and (therefore) y is a complete differentiant in x, y and 
z and, therefore, an invariant or covariant if x, y, and z are the only variables ; 
and, conversely, every invariant or covariant in #, y, and z is a homogeneous 
isobaric xyz-differentiant of equal weights in w, y, and z. What Cayley’s 
formula does for the invariants and covariants of a binary quantic and Sylves- 
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ter’s extension of it for the invariants and covariants of any system of binary 
quantics, this formula (62) does for the invariants and covariants of any system 
of ternary quantics. 

25. Just as (30) follows from (26) and (29) so from theorem J) and the 
equation preceding (45), together with (52) and (53), follows, if w, = w, = w, 
and 0 = 


+7, wy, w,— 7) 


=(l—az)- (1 — yz)-y2*- +7, — 7) 
k=0 


=(1l—az)- LN, w,, w.—r)—N, (ee, wi +1, —1)] 


But the condition }(¢— a’) =b' for the formula preceding (45) might have 


been replaced by oc —a—b =U’, as was previously stated, so that the first 


expression given above for V’7"(w,, w,, w.) holds also if w, = w, = w, and 
0=r=w-,; excepting that, 

ifr, Sw, Sw, and 0 =r= w. —w _, the lower limit of 
and the first term of the e xpression is (1 —az)- +r,w,—r,w,), 
which, by (37), is the same as (1 — xz) -.V_,(w, +7, w,, w, — 7), as before, and 

if vw, Sw,,w, Sw,,and wv, +uv,—wv, Sr = the upper limit of & i 
w.— rt ond the second term of the developed expression vanishes, together oth 
the second term of (63). Therefore, (63) holds if w,=w,, w, = w,, and 
0=r=w,, that is, for every type of which there can be ay- and wa-differ entiants 
in eusesdinnes with theorem A and for every possible rank qué wz of such differ- 
entiants, 

Formula (63) shows that the number of linearly independent wy- and xz- 
differentiants of any type (w,+7,,,w, —r) subordinate to (w,, w,, w.) 
qui «z that must be annexed to those derivable qua az from ay-differentiants of 


type (w,, w,, w.) in order to produce a complete system is 


N (w,+7r,w,+1,0,+w,—w,—r—1) if w, =, and w, = w,. 


If w, + w,—w, = = w., every and x2-differentiant of type (w,+7, 
is derivable qua vz from the vy-differentiants of type (w,, w,, w,), provided 
w, =w,and w,=w,. In particular, we find (on putting r = 1 and replacing 
w, by w, — 1) that the number of linearly independent «xy- and «2z-differentiants 
that must be annexed to those derivable qui xz from the xy-differentiants of 
type (w, — 1, w,, w, + 1), where w, = w, — 1 and w, = w, —1, in order to 
produce a complete system of xy- and xz-differentiants of type (w,, w,, w,) is 


a 

4 

4 

4 
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Ny, W,, W, + w, —w,), which is evidently V,,.(w,, 
yecause, by theorems anc , every vy- and xz-differentiant of equa 
i , by tl Band C of §8 vy ry 1 lifferentiant of equal 
weights in # and y is also a yx- and yz-differentiant and, therefore, an xyz- 
differentiant ; but no such differentiants have to be annexed if w, + w. < w,. 
is evident that the result of applying xz to any ,ry-differentiant of type 

It lent that tl It of applying az t y vy-differentiant of ty] 


(w,—1, w,, w. +1), where w,=w,—1, is an svy-differentiant of type 


(w,, w,, w.), if not identically 0, and the number of «y-differentiants in a 
complete system of type (w,—1, w,, wv, +1) reduced qua vz that are annihi- 
lated by 22 is Ny «:(W, — 1, v,, w. +1), so that the number of linearly inde- 
pendent «y-differentiants of type (w,, w,, w.) that can be obtained by applying 


the operator xz to ry-differentiants of type (w, —1, w,, w,+1) is 


+1)— (w,—1,w,, wv. +1) 


(64) ZY, 


= NV. (w,, w,, WwW.) — Wes wv, 


ry 


by (53), if w, = w,—1 and w, = w, — 2; that is, the number of linearly inde- 
pendent «y-differentiants of type (w,, w,, w.) that must be annexed to 
those obtained by applying the operator rz to ry-differentiants of type 
(w,—1, w,, w. + 1) in order to produce a complete system of .y-differentiants 
of type (w,, w,,w.) is N,,(w,, w,, +w.—w,); but this number is 0 if 
w, +w, <w,, and then no such d'fferentiants have to be annexed in order to 


complete the system. If w,—1=w., there are no xz-differentiants of type 


(w,—1,w,,w. +1), and the forms obtained by applying «z to a complete 
system of ay-differentiants of that type are linearly independent wry-difteren- 
tiants of type (w,, w,, w.), which, however, do not generally constitute a 
complete system. 

Similarly, from the equation preceding (55), together with (59) and (60), 
follows, if w, = w,,w,=w,,and0=r=w., 

Wy—"z 
(w,, N +7, W,, W, — 7) 


yz 
k=0 


= (1 — xz): ay": 

k=0 
(65) W, +P, W,,W.— r)—N,,. W,— 741, 
so that the number of linearly independent xz- and yz-differentiants of type 
(w,+7,w,,w,—r) that must be annexed to those derivable qua az from Y2z- 
differentiants of type (w,, w,, w.) in order to produce a complete system is 


+ w, —w. +741, w,—1, In particular, we find (on 
putting = 1 and replacing w, by w, +1) that the number of linearly inde- 


| 
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pendent «xz- and yz-differentiants of type (w,, w,, w,) that must be annexed to 
those derivable qué az from y~differentiants of type (w,—1, w,,w.+1), 
where w, + 1 = w, and w, + 1 = w,, in order to produce a complete system of 
xz- and yz-differentiants of type (w,, w,, w.) is V,. ,.(w, + w,—W., W.,W.)s 
which is also V,,.(w, + w, — w,, W., W,)- 
From (60) follows, if w, + 2 = w, and w,+1=w,, 
,.(v,—1, w,, w, +1) 

(66) 
= NV.(w,, w,, — N,. (wv, + wv, — w,, w,, w,), 
which shows that the number of linearly independent yz-differentiants of type 
(w,, w,, w.) that must be annexed to those obtained by applying the operator 
22 to yz-differentiants of type (w,—1, w,, w. +1) in order to produce a com- 
plete system of yz-differentiants of type (w,, w,, is V,.(w, + wv, — w,, w., w,). 
If w, Sw. +1, there are no xz-differentiants of type (w,—1,w,,w.+1) 
and the forms obtained by applying xz toa complete system of yz-differentiants 
of that type are linearly independent yz-differentiants of type (w,, w,, w.), 
which, however, do not generally constitute a complete system. 

26. Because we have always excluded denumerants of such types that their 
values as given by our formule might come out negative, these formule may 
serve to determine the re/ative values of some denumerants involved in the 
expressions of others, just as (37) determined the relative numbers of terms in 
the general forms of certain types. 

It follows from (45) that, if w. = 


(w,,w,+ 1,w, —1) = VN,,(w,, w,, w.); 


that is, of two types of which there can be ayz-differentiants in accordance with 
theorem A of § 8 and of which the one is subordinate to the other qui yz, that 
one has the more linearly independent xy-differentiants for which the weights 
in y and z are the more nearly equal, unless they have the same number. 

It follows from (55) that, if w,= w, = w,, 


N, ( Ww, + 1 — ) = Ny: ( Wry Wy w.) 


or, because the sequence of variables is immaterial, if w, = w, 
N,,(w, —1, w, +1) (w,, w,, w,)5 


that is, of two types of which there can be zry-differentiants in accordance with 
theorem A and of which the one is subordinate to the other qua zr (or vz ), that 
one has the more linearly independent «y-differentiants for which the weights 
in x and z are the more nearly equal, unless they have the same number. 

It follows from (61) and (37) that, if w Sw, and w, = w., 


28)-N,,(W,, W., ) 


ry 


f 
f 
at 
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and, therefore, 


N 6,-1) = W,, W,, W,)- 


Similarly, if = w, and = w,, 
— 1,w +1)EA (%, W., W, ); 


that is, of two types of which there can be ay-differentiants in accordance with 
theorem A and of which the one is subordinate to the other relatively to some 
pair of other variables than x and y, that one has the more linearly independent 
xy-differentiants for which the weights in the two other variables are the more 
nearly equal, unless they have the same number. 


It follows from (39) that, if w, = w, = w,, 


+1, —1, w,) = W,, W:) 


wv, = 


and, if w, = =w 


y? 
N,., —1, w, +1, w.) = Wes 


that is, of two types of which there can be wz- and yz-differentiants and of which 
the one is subordinate to the other qui wy, that one has the more linearly inde- 
pendent xz- and yz-differentiants for which the weights in # and y are the more 
nearly equal, unless they have the same number. 

It follows from (42) that if w, =w, = w,, 


N, (x5 Ww, + 1 9 Ww. 1 ) = ( Ww, w. 


ry, 


< 


and, if w, = wv. = w,, 
Noyes (Wey — $1) Noyes (ter 2) 


that is, of two types of which there can be wy- and x2z-differentiants and of which 


the one is subordinate to the other qui yz, that one has the more linearly inde- 


pendent xy- and xz-differentiants for which the weights in y and z are the more 
nearly equal, unless they have the same number. 

For the actual numerical calculation of the denumerants considered in this 
paper nothing is wanting but a formula for the number of terms in the general 
JSorm of any given type, that is, a formula for the denumerant V(w,, w,,w_, ---) 
for any type (w,, w,, 

In conclusion, I wish to call attention to the fact that the real basis of this 
whole investigation is SYLVESTER’s method, described in his Proof of the 
hitherto undemonstrated Fundamental Theorem of Invariants in the Philo- 
sophical Magazine for March, 1878, by which we pass from (29) through 
(26) to (30). 
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THE GROUP OF CLASSES OF CONGRUENT MATRICES WITH 
APPLICATION TO THE GROUP OF ISOMORPHISMS 
OF ANY ABELIAN GROUP* 


BY 


ARTHUR RANUM 


Introduction. 


AN ordinary linear congruence group, or JORDAN + group, may be considered 
as a group of matrices whose elements (coefficients) are all residues of the same 
modulus m, or in other words as a group of classes of congruent matrices, 
mod m. Among the writers on these groups, besides JORDAN, are CAUCHY, 
Maruievu, Moore, Dickson (for the case where m is prime) and GIERSTER (for 
the case where m is composite). 

The subject of the first part of this paper.is a generalization of the JoRDAN 
group, and is obtained by using different moduli for the different elements of 
the matrices, so that each element is a residue of its own particular modulus. 
In this way a more general “ group of classes of congruent matrices”’ is obtained, 
which includes the JORDAN group as a special case. For the sake of brevity it 
will sometimes be designated by the shorter title “linear congruence group,” 
although its operators are matrices and not linear substitutions. 

The second part is devoted to the application of these more general linear 
congruence groups to the group of isomorphisms of any abelian group. For the 
purpose of this application it will be shown that there is no loss of generality in 
restricting the moduli to being powers of the same prime p. Therefore that 
case alone will be considered in the first part. 

Since every group of finite order can be represented as a group of matrices, 
the problem of finding the minimum degree of its representation is of consider- 
able interest. Ina large number of cases the degree can be made lower by 
means of these general groups than is possible by means of JORDAN groups 
alone. In other words, many of these groups cannot be represented as sub- 
groups of JORDAN groups of the same degree; they are new groups of that 


degree. 


- * Received for publication August 6, 1906. Presented to the Society at the New Haven 
summer meeting September 3, 1906. 
Tt JORDAN, Traité des Substitutions, 1870, pp. 91-110. 
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PART I. 
THE GROUP OF CLASSES OF CONGRUENT MATRICES. 


Classes of congruent matrices. 


1. Let (/;,) represent an n-ary matrix, or square array, of x’ integers 
es (i,fjm1,2,---,n), l, being the element in the ith row and jth column. 
We introduce once for all a fixed matrix 


(p"’) 


whose elements p"’ are powers of the same prime p with exponents a, = 0, and 
call two matrices (/;,), (m,,) congruent with respect to the matrix (p’) asa 
modulus, in notation 
= (m,). mod (p"’), 
in case 

The elements p“’ of the modular matrix ( p"’) are referred to as the moduli. 

All matrices congruent to (/;,) will be said to belong to the class * ((/,,)). 
In this way all matrices are distributed among a finite number of mutually exclu- 
sive classes. 


Composition of classes. 


2. Taking the usual law of composition or multiplication of matrices, viz., 


we proceed to prove 

TueorEeM 1. Jf (/;,) and are given matrices and if the matrices (m,,) 
and (mj;) range over the classes ((;;)).and respectively, the product 
(m;,)(miy) = (m5) will always belong to the class ((1;;)), if, and only if, the 
conditions 


(2) = 0, 0, =0, mod (i,j, =1,---, 2), 


are satisfied. 

When the conditions (2) are satisfied, there is defined a unique law of com- 
position of the classes ((/;,)) and ((7;,)), in virtue of which their product, in 
this order, is ((/;;)). 


* The explicit use of classes of matrices was suggested to me by Professor DICKSON. 
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3. Proof. The general values of the elements of (m,.) and (m/,) are 


a; — 
m,=1, +h, p mi +h: p 


where h,, and /;, are any integers. Therefore (m’) will always belong to the 
class (( Ci; )), if and only if it is possible, whatever be the values of /,, and h,;,, 
to find values of the integers h’), (i,j = 1, ---, n) to satisfy the equations 


+h. > ( h, hi, p) (i, k=1,-++,m). 
J 


All summations, unless otherwise specified, have the range 1, ---, n. 
By expansion and the subtraction of (1), these become 


Jj j 


which are to be identities in the indeterminates h; and h and are therefore 


hk 
equivalent to the series of congruences (2). 

4. Corollary. The modular matrix ( p*) admits the possibility of the com- 
position of certain classes, if, and only if, 


(3) a, + =a, (i,j, k=1,---, #). 


Sets of classes. 


5. Conditions (2) show that unless all the moduli are alike, the composition 
of classes cannot apply to every * pair of classes. But it will be seen that if the 
moduli satisfy (3), a certain limited set of classes can be found, to which com- 
position applies. 

Suppose that ((/)))(s=1,2,---, ) are the classes of any such set S, 
not necessarily the largest set and not necessarily forming a group. Let 
p®” (B,, = 0) be the highest power of p dividing /\), ---, 7’, and put 
where the factors = 1, ---, VV) cannot all be divisible by Since 
is a residue of is obviously a residue of Call a p-factor, 
a p-exponent, a A-factor, and a A-modulus, of the set S. 

6. TuroreM 2. Jf the moduli p'’ satisfy (8), the classes of a set S are 


subject to the law of composition, if, and only if, its p-factors p®® satisfy the 
conditions 


(5) 


*E. g., if > lij must be a multiple of 
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The conditions (5) for i, 7 fixed will be designated as (5)... 
Proof. By means of (4) we see that conditions (2), applied to every two equal 
or distinct classes in S, take the form of the congruences 
0 
= 0 +, mod p™ 


0 
which are equivalent to the inequalities 
a, + 
B., +4,= 
a, + = 
If in the third inequality / is replaced by j, 7 by i, and i by &, it becomes 
a, + 8; mae ys which, with the second inequality, gives the required conditions. 


Sets closed under composition. 
7. Let S, be the set obtained by giving to X'‘) in (4) all integral values, 
vy 
mod 
Tueorem 3. The set S, of classes, whose p-exponents B,, satisfy (5), is 
closed under composition, if, and only if, they also satisfy the conditions 


(6) B,+ By = By (i,j, 
Proof. If S, is closed under composition, then the product 


(2?) 


J 


ij 
is in S,, when its factors are. If in the equations 


J 


the p-factors are introduced by means of (4), they become 
peer, > p* (4, k= 8, t= i, N), 
J 


which must be satisfied for integral values of X").. This can happen only if (6) 
is satisfied. Conversely, if (6) is satisfied, S, is closed. 


The largest set S, closed under composition. 


8. Denote by a, the smallest value of B. which satisfies (5), i. e. for 
i,j=1, Ny 


3 
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(7),, %,,= the greatest of the 2n+1 quantities 0, a;,,—a,,,@,,—a,, (k=1,---,n). 
Then the set S, of all classes ((7'))), in which 

(8) 0=h) <p, mod 8), 


is the totality of all the classes to which composition applies, for given moduli 
satisfying (3). 
By comparing (7) and (3), we see that 


(9) a (i,j—1,---,n). 


TueoreM 4. The set S, is closed under composition. 
Proof: From (7),, and (7), we have forr=1, ---, 


> 
so that 
Similarly 


a+ 
and obviously 
a, +2, = 0. 
Hence, by (7),,, 


that is, the p-exponents of S, satisfy (6). 


The chief group. 


9. The classes of S, clearly do not form a group.* We shall prove however 

TueoreM 5. Jf the moduli satisfy (3) and the p-exponents are defined by 
(7) , the totality G', of classes of matrices ((1;))) (s =1,---, of elements 
ls) satisfying (8) with determinants A = |/;,| prime top, 


(11) (A,p)=1, 


Sorm a groupt G, of order N,. 

As G, is the largest group satisfying (11), we shall call it the chief group 
of classes of congruent matrices modulo ( p™), or the chief linear congruence 
group modulo ( p*). 


*E.g., although ((l;)), where 1;—=0(i, j7=1,---, 2), isaclass of S,, it cannot belong 
to a group of order > 1. 
t We might also select classes, for which A is divisible by p, to form a group. E. g., with 


moduli all 3, the classes L =(({ ; )) and L?=((5 })) = J form a group of order 2. 
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10. Proof.* (a) G,, is closed under composition. For, S, is closed, and if 
the determinants of two matrices are prime to p, the determinant of their 
product is prime to p. 


(4) The identity class J for all groups satisfying (11) is clearly ((6,,)), where 


1, if i=), 
(0, if i+). 
This class occurs in G',, because by (7) we see that 4,=0 (i=1,---,x”), 
i. e., every p factor in the axis is 1. 

(c) Finally if ((/;,)) is any class of G,, its inverse ((/;,)) exists and is in G,. 
For, let m,, be the cofactor of /;, in the expansion of A= |/,,,. Then, in view 
of (8), setting 7;, = pA,,, we write the identities 


> 4 m,, = (i,k 
in the form 


(12) = Aé,, 


Now, in view of (11), there exists precisely one class (( re), satisfying the 
conditions 

From (13), in view of (7), we have 


Ap* = pm mod 4, 8); 


kj? 
where the modulus is independent of 7. Therefore by substitution in (12) we 
have 


tk 


Dividing this by A and restoring /,., we have 


J 


which shows that ((U;,)) is the inverse of ((/;,)) and that A’ = l..| is prime 
to 

be any substitution on the integers 1, 2, ---, m expressed in terms of its inde- 


* The main features of the argument used in leading up to this theorem and in proving it are 
derived from a set of group-postulates given in lectures by MooRE in 1897. Compare also 
Moore, these Transactions, vol. 3 (1902), p. 485; vol. 6 (1905), p. 179; and Dickson, 
Ibid., vol. 6 (1905), p. 198. 
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pendent cycles, and such that i, goes intoi,. Then by the definition of determi- 


nants 


where the product sign extends over all the cycles after the first, and the sum- 
mation covers all the substitutions which replace i, by i,. Introducing p-fae- 
tors, we have 


But by the repeated application of (10) we see that 


> 
ai, iz is + + iy 
and therefore that 
mod ps, 


From this, by means of (13) and (9), we see that 
mod p% (i,j=1,---,n), 


and consequently that ((7;.)) satisfies (8). Hence ((/7'.)) is in S, and, since 
(A’, p) =1, it is also in G,. 


Change of nomenclature. 


11. Hereafter the only classes of matrices considered will be those of S,; and 
it will be convenient to regard all congruent matrices as identical, so that each 
class reduces to a single matrix, which is usually chosen so that each element is 
the least positive residue of its corresponding modulus. We have then in S, a 
finite number of distinct matrices, one from each class, forming a closed set 
under composition. The law of composition will read 


= mod p™ (i,k =1,---,”). 
J 


Subgroups G', of the chief group G,. 


12. Every linear congruence group, whose matrices satisfy the condition 
(A, p) =1, is obviously a subgroup of the chief group. This condition also 
shows that its p-factors (8;,= a,,) cannot all be > 1; in particular, since 
it contains the matrix (6,,), its axia] p-factors are 1,i.e., 8,,=0(i=1,---,n). 

Of particular interest are the subgroups whose A-factors ,, include all inte- 
gral values, mod p*~*, that satisfy (11). In regard to them, by reference to 
theorems 3 and 5, we immediately derive 

THeorEM 6. Jf the moduli satisfy (3) and the p-factors satisfy (5), the 
totality G, of the matrices whose elements, of the form (4), satisfy (11), form 
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a group G,, a subgroup of the chief group G,, if, and only if, the p-factors 
also satisfy (6). 


. 
Equimodular properties. 


13. If two or more rows are equimodular, i. e., have identically the same 
moduli, and if the corresponding columns are also equimodular, the process of 
interchanging rows and their corresponding columns may be employed, if neces- 
sary, to juxtapose these rows and these columns. Hereafter it will be assumed, 
therefore, that equimodular rows and their corresponding equimodular columns 


are adjacent. 


14. Under this arrangement every matrix will be divided into equimodular 
rectangles, of which those in the axis are squares. If no two rows and the cor- 
responding columns are equimodular, each rectangle reduces to a single element. 
Throughout any rectangle the p-factors of the chief group are clearly equal to 
one another by (7). Moreover it will be convenient hereafter to restrict the 
application of the notation G', to those subgroups which not only satisfy the 
conditions of theorem 6, but also have their p-factors p*» equal to ane another 
throughout every equimodular rectangle. Therefore (§ 12) the p-factors of G, 


are 1 throughout every axial square. 


15. Tueorem 7. The determinant A of any matrix of the set S, is con- 
gruent, modulo p, to the product of the separate determinants of its axial 
squares. In particular, if no tro rows and the corresponding columns are 


equimodular, A is congruent, modulo p, to the product of its axial elements. 


16. Proof. It will be sufficient to prove that if any term 7’ of the expan- 
sion of A is prime to p, it is the product of elements taken entirely from the 


axial squares. Let T= ,/, 


Where i,, i,, represent some 
permutation of the integers 1,2, ---,. Denote any one of the cycles of this 


permutation by Then 


- 


where the product covers all the different cycles. Now if 7 is prime to p, 
equation (8) shows that = --- =a, Krom this and (7) we derive 
the rn relations 

-, 0 (E=—14, <->, 0). 


But these are all equations (and not inequalities), because of the identities 


(4; + (4; 4) =9 (k=1,---,n). 


Therefore the (j, )th, (j,)th, --- and (j,)th rows are equimodular. Similarly 
the corresponding columns ave also equimodular. Consequently the elements 
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;, ave all contained in the same axial square; and all the factors 
of 7’ are contained in axial squares. 4 


17. Corollary. In the matrices of the chief group every arial square deter- 
minant must be prime to p, and in particular, if no two rows and the corre- 


sponding columns are equimodular, every axial element must be prime to p. 


Change of notation. 


18. In order to take account of equimodular properties, it will be best to use 
a more explicit notation. Let the number of sets of equimodular rows and 
corresponding columns be 7, and the number of rows in the first i sets be 
n(is=1,---,7), so that the total number is », = and the number in the ith 
set is n,—n,_,, provided we define », to be 0. Let (7, , ) be a matrix and 


/,.,, an element in the (7) )th ecuimodular rectangle, taken mod p*, where 


For any group G’, (as defined in § 14) let 


(14) », = ( 1,-+-,n) 
Finally, let the equimodular sets be arranged so that 
= (i 1, 1). 


Hereafter, unless otherwise stated, this notation will be used. 
19. TukoreM 8. The p-exponents of any group G, or G, expressed in the 
modified notation satisfy the conditions 


(15) B,+B,>9 (i,j 3 éaef), 


i. ¢., if two equimodular rectangles are symmetrically situated with respect to 
the axis, all the elements of at least one are divisible by p in every matrix of 
the group. 


Proof. From (5) we see that 


( k 1, r ’ ty J i, ’ r ) 
— By a,— 4, 


Since for any given i and j (i +7) at least one of the above 4, differences is 
+ 0, the theorem follows. 


| 
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| 


if 
ij 
} 


80 A. RANUM: GROUP OF CLASSES OF CONGRUENT MATRICES [January 


The order of a group G,. 


20. THeorEM 9. The order N, of a linear congruence group G, is given 


by the formula 


r 


> 7 1 
(16) N, =p*i= II Il (1 - ). 


i=1 k=1 p* 


Proof. The number of matrices in the set S, is obviously equal to the prod- 
uct of the A-moduli p%~*+. The order of G, is obtained from this by the 
insertion of the proper factors as given by JORDAN’s* formula, since each axial 


square forms a JORDAN matrix. 


7, ot it 
s/actors of composition. 


21. In G, consider the totality A, of matrices (/,,,.) which are = J, 
mod ( p*’), i. e., in which 
(17) = mod (wi, 


This means that in the matrices of A, the elements in the axis are =1, mod p, 
the other elements in the axial squares are = 0, mod p, and all the remaining 
elements are = 0, mod 1, i. e., are unrestricted. 

Now it is easy to see that A, is an invariant subgroup of G,. Moreover 
its order is a power of p, because the number of values of each element is a 
power of p and the different elements are independent of each other. It is 
therefore soluble. 

The quotient-group G,/A‘, is evidently the direct product of r axial square 
Jordan groups, each taken mod p. Since the composition-factors of JORDAN 
groups are well known,} those of G,, and therefore of G,, are thus determined. 

22. THeoreM 10. Ay, is the largest invariant subgroup of G, whose order 
is a power of p. 

Proof. If there were a larger subgroup of that kind, A’, and if A’’ con- 
tained A’, , it would correspond to an invariant subgroup of G',/A’, of order a 
power of p, which would contradict the known properties of JoRDAN groups ; 
if A’ did not contain A’, , it would clearly lead to a similar contradiction. 


Soluble groups. 


23. TueoreM 11. The necessary and sufficient condition that a linear con- 
gruence group G, (or G,) be soluble is 
(a) if p> 8, that no two rows and the corresponding columns are equi- 


modular, 


* JORDAN, Traité des Substitutions, 1870, pp. 95-97. 
t JoRDAN, Traité, pp. 99-110. 
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(b) if p=2 or 3, that no three rows and the corresponding columns are 
equimodular. 

Proof. This follows from the fact that an n-ary JORDAN group, mod p, is 
soluble, if n = 1, and insoluble, if » > 1, except when x = 2 and p = 2 or 8. 


Invariant matrices. 

24. 12. Jf p> 2, the invariant matrices (1, of any group G, 
are characterized by the congruences 

(18) =9 (4; + 

(19) ,, mod 


Mis Mi Vy 


and therefore form an axial (abelian invariant) subgroup H of order p"(p —1), 
wherea=a,,—1. 

Proof. The proof will be simplified by using the original notation of § 1. 
Let (/;,) be an invariant matrix and (m,,) be any matrix whatever of G,, so 
that (/,,)(m,) =(m,,)(/,,). Then the congruences 


n n 
m,, = mod p** 
j=1 j=l 


must be satisfied by every matrix (m,,) of the group. These congruences may 
be written 


(20) + DL my, —ml,) =9, mod p™ (i,k=1,---,n), 


ij jk 


where the ’ on the summation sign is to indicate that 7 + i, j +k. 
(a) First put m,;=0 (i+ 7; i, j=1, ---, nm); then (m,) is axial, 


m,(i=1, ---, n) is prime to p, and (20) becomes 1.(m,, —m,,)=9, 
mod p*(i, k=1, ---,n). Moreover, since p> 2, it is possible to make 
m,,,— m,, prime to p,if i + k, and therefore to derive the congruences /,, = 0, 


mod p**(i +k; i,k =1,.---,), which are equivalent to the equations 


(21) =O (i+k;i,k=1,---,n). 


ik 


By means of these equations, (20) reduces to the form (/;,—/,,,)m,,=0, mod p™, 
which may be written (/;,— /,,) = 9, mod p™ (i, k=1,---,n). 
(6) Now choose (m,,) so that y,, is prime to p; thus we derive the congruences 


(22) mod (4, 4, 8). 


Moreover (21) and (22) are evidently sufficient as well as necessary conditions. 
By change of notation they become (18) and (19). 


Trans. Am. Math. Soc. 6 
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Corollary. Since (by § 14) = 0 (i =1, ---, 7), therefore in the invariant 
matrices the axial elements of any axial square are equal. Moreover, those 
of the ith axial square are congruent to the others, mod p‘s—** and mod 
p’*®*(j=1,---,”). If we denote the greatest of the integers a, — 8,,, 
by then by (5) H is the direct product 
of a cyclic group of order »—1 and an abelian group of order p* and type 
(a,,—1, If a4,=a,(i=2,---,n), all the axial 
elements are equal and H is cyclic of order p™"(p—1). 


Examples. 


25. Example 1. Let the modular matrix be (”?*). Then the p-factors 
of S, and of G, are (/ 7”), the matrices of S, are of the form (*j' 4%"), and 
they belong to G,, if X,, and A,, are prime to p. The composition of matrices 


gives 


0 Avo 0 0 


For the p-factors ( p**) = (| 2°), the matrices of S, and of G@, are of the form 
The A-moduli of G, are and its order is p(p—1)’. A, is of 


0 Aw 


order p and its matrices are of the form (/ ”*). If € is a primitive root of p, 
G,, is generated by the matrices S=(<«°) of order p—1, 7 =('°) of order 


p—1, and U=('”) of order p, where 7-'U T= U* and S is invariant. 
Therefore, if p> 2, G, is the direct product of the cyclic group { S} and the 
metacyclic group { 7, U}. 

Example 2. Let the modular exponents a,, be 


3.3 38 
1 2 2 
1 2-2 


The last two rows and the last two columns are equimodular. The matrices of 


G, are of the form 


A, Pry» Ais 
ry Aos 
As) so Ags 


where the axial square determinants d,, and |}# }*! are prime to p. It is of 
order p"'( p —1)*( p? — 1) and is insoluble if p> 3. Its invariant matrices 


are of the form 


* 
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rx 0 0 
0 A+ py 0 
0 0 


if p > 2, and form a group generated by matrices of orders p*(p—1) and p. 
Example 3. Let the modular exponents be 


6 9 6 

38.5 5 

0 2, 
Then the p-exponents are 

0 4 6 

3 

0 3 0 
and G, is of order p”(p—1)'. 

PART II. 


APPLICATION TO THE GROUP OF ISOMORPHISMS OF ANY 
ABELIAN GROUP. 


26. The great importance of the isomorphisms of a given group is largely due to 
the fact that they enable us to construct new groups of which the given group is 
an invariant sub-group. However, very little is known about isomorphisms in 
general, and even when the given group belongs to the simplest and most funda- 
mental class, viz. of abelian (commutative) groups, the group of isomorphisms 
has not been thoroughly studied except in a few extremely special cases. 

For instance, the i-growp (group of isomorphisms) of the cyclic group has 
been discussed by BuRNsIDE * and MILLER}. It is itself abelian. The i-group 
of the abelian group of order p” and type(1,1,1,---) was considered by 
Moore }{, and was shown by him to be abstractly identical with the JorDan 
linear congruence group, mod p. 

The type (%,1) was studied by Mitter.§ The type (2,2) was treated 


* BURNSIDE, Theory of Groups of a Finite Order (1897), pp. 239-242. 
: + MILLER, these Transactions, vol. 4 (1903), pp. 153-160. 

t MoorE, Bulletin of the American Mathematical Society, ser. 2, vol. 2 (1895), 
pp. 33-43. 

?@ MILLER, these Transactions, vol. 2 (1901), pp. 259-264. 
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erroneously by O. E. GLenn.* The general type has been barely touched upon. 
Some general theorems have been proved by MILLER. + 

In the present paper the general case of any abelian group of order p” is 
considered. There is no loss of generality in this restriction on the order, 
because the i-group of an abelian group of any other order is the direct product 
of the i-groups of its SyLow subgroups, whose orders are powers of primes. 

The method used is a generalization of that used by Moore for the type 
(1,1,1,---). The é-group is represented as a chief group of classes of con- 
gruent matrices (linear congruence group), whose moduli are the invariants of 
the abelian group. By means of this concrete representation of the group, some 


of its properties are easily found. 


The abelian group A. 


27. Let A be any abelian group of order p” and of type 


(23) 


Its invariants, » =n, in number, are divided into ¢ sets of equal invariants, 


those of the ith set, »,—,, in number, being p"(i=1,---,7; »,=9). 


Suppose them arranged in decreasing order of magnitude, so that 
(24) 


The order of A is equal to the product of its invariants, i. e., 


(25) 
Let A,,---, A, bea system of independent generators of A, those of order 
p™ being 419 Ay A, (iel---, 
The group G of isdmorphisms of A. 
28. Let G be thé /-croup of A and let Z be any isomorphism of A into itself. 
D J 
Then Z must effect a correspondence between the above system of independent 
generators and another system A‘, ---, A’,each of which is a product of powers 


of the original generators. In symbols, we have 


L:A,.~A,, IL 
j=1 vjy=nj-1+1 


*GLENN, American Mathematical Monthly, vol. 12, no. 11 (1905), pp. 205-207; 
GLENN’s condition 4 +0, mod p’, is too broad, and his result for the order of the i-group is too 
large. 

t MILLER, Annals of Mathematics, ser. 2, vol. 3 (1902), pp. 183-184. 


t 
| 
> (n-ne 
n-1+1, 
ry 
a0 
2 
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or, more briefly, 


i 


Representation as a linear congruence group. 


29. The exponents J, , (u,,v,=1,---,) in (26) may be considered as 


forming a matrix (/, ,), taken modd p® (j=1,---,7).* Moreover if LZ’ is 
another isomorphism defined as follows : 


then the product L’L becomes 
L'L: A,,~ AZ =[[(A, (0,1, m). 


That is, the composition of the isomorphisms Z and Z’ takes place under exactly 
the same law as the composition of the matrices (/) ) and Therefore 
since the isomorphisms form a group G', the matrices representing them form a 


We 


linear congruence group, modd p”, which is abstractly identical with G. 
shall call it G. 
30. Since in this case a= d,, the moduli satisfy (3). By (7) we see that a,, 


is the greater of the quantities 0 and a. — a,, i. e., by (24), 
j i 


if i>), 
(27) 9 if ix; 7). 


Therefore the elements of the matrices of G' are of the form 


(28) HEED), 
if 


vy? 


(pi, 


This is also easily verified by means of the fact that in the isomorphism (26), 
A’, is of order at most p™: 

31. Turorem 13. Jfanabelian group A has n invariants p® (j=1,---,7), 
as defined in § 21, its i-group G is abstractly identical with the chief n-ary 
linear congruence group G,, modulis p%.+ That is, in (28) the A-factors can 
have any integral values satisfying (11). 

32. Proof. (a) If (26) is an isomorphism, (11) is satisfied. For, since the 
identical isomorphism 7 makes every generator A, correspond to itself, it is 


represented by the matrix (6,,,,), whose determinant is = 1, mod p. If the 


* This makes the moduli the same throughout every column. 
t This is not the only representation of G as a chief linear congruence group, but it is the most 


convenient one. 


l 
1 
! 
. 
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inverse isomorphism Z~' is represented by the matrix (/) , ), it follows from 


LL~-' = TI that |/,,,.| = 1, mod p, and therefore that 18 prime 
to p. 

(6) If (26) is not an isomorphism, (11) is not satisfied, i. e., A is divisible by 
p. For, in that case, either the generators A’ (u,=1, ---, n) are not indepen- 


,, 18 of order <p”. In either case there is a 


dent, or for some value of y,, A}, 


relation of the form 


(29) II =1, 


wi=l 
where h, + 0, mod p = 1, ---, and 
(30) a, <a, for some value of i. 


From (26), by substitution in (29), we derive 


II (4, 1 =1, 
vy=l 
and therefore also 
D 0, mod p” =1, n), 
wal 


which may be expanded, by (28), into the form 


nyt 


(31) > prh,.r,. > prhy yt »,=9, mod p”. 


itl 
Among the differences a,— a’ (i =1,---, 7) there is just one, a, — a’, which 
J J 
is greater than every succeeding and less than no preceding difference. That 


is, 
if 

(32) a,— a. 
J > 


if i=1,---,7. 


Then by (30), 


(33) a, — a’ ~0, 
and by (24) and (32), 
(34) a,—a,>0, if i=1,---,j—1. 


Therefore in (31) every term, as well as the modulus, is divisible by p. Divid- 
ing out this factor, we obtain 


a—a (a;—a )—(aj—a_) aan a,—a 
> poh, + > hy ru», + > »,=9, mod , 
=1 


Mi 


| 
} 
4 
i 
J 
\ 
j 
4, 
| 
| 
! 
; 
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where, by (32), (33), and (34), the modulus and all the terms except those of 
the middle summation are divisible by p. Therefore, by reducing the modulus 
to p, we obtain 


29, mod p 1, 7), 


which shows that the jth axial square determinant |), , | is = 0, mod p, and, 
by theorem 7, that the entire determinant is = 0, mod p. 

33. Evidently the following converse of theorem 13 holds: 

THEOREM 14. Every chief linear congruence group, whose moduli are the 
same throughout every column represents the i-group of some abelian group of 
order a power of p. 

Symmetry. 

34. From (28) it follows that 2, 

greater if i +7. Hence if two equimodular rectangles are symmetrically sit- 


is taken mod p*, where & is i or j, the 


iy 


uated with respect to the axis, the A-factors X,,, and A, ,, of their elements are 


residues of the same modulus, viz., p“. 


The order of the i-group. 


35. THroreM 15. The order N of the i-group G of an abelian group A 
defined as in § 27 is given by the formula 


r 


(85) (1-3). 
i=l k=) 
Proof. This is easily derived from (16) by means of theorem 13 and § 34. 
Take the square common to the first i sets of rows and the first i sets of columns 
and subtract from it the square common to the first i — 1 sets of rows and col- 
umns ; the region remaining will contain precisely those elements, n? — n?_, in 
number, whose \-factors are taken mod p”. 


7 
cases. 


36. The two opposite extremes among abelian groups A having n invariants 
are, (a) that in which the invariants are all distinct, (b) that in which they are 
all equal (= p*). 

(a) In this case the i-group G is soluble, because no two columns of its 
matrices are equimodular (although the rows are all equimodular). Its order 
takes the form 


(2i—1)a; 1 n 
(36) N= p= (1 ) 
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(b) In this case the matrices of G reduce to a single axial square, G becomes 
a JORDAN group, and its order takes the form 


n 1 
(37) (1 .): 
k=1 P 
Since the order of A is p"’, it follows that, if p is large, the order of G is 
approximately equal to the nth power of the order of A. 


L-groups as related to Jordan groups of the same degree. 


37. As stated in the introduction to Part I, most linear congruence groups 
are abstractly distinct from JORDAN groups of the same degree. This will now 
be shown to be true of all i-groups. 

THEOREM 16. An i-group G of an abelian group of order p™ having n in- 
variants, i. e., a chief n-ary linear congruence group modulis p® (j =1,--+,7), 
is abstractly distinct from any chief n-ary Jordan group G" modulo p*,* or 
subgroup thereof, if p>n+1. 

Proof. <A glance at the formulas for the orders of the groups shows that G 
cannot be abstractly identical with G’ itself. If it were possible for G to be 
abstractly identical with a subgroup of G’, its order would have to be a divisor 
of the order of G’; and this clearly could not happen, unless a were at least 
a,+1. In G consider the two matrices 


1 0 0 1 
010 0 
0 0 


1 


| 
| 
| of period 


0 


of period p. 


Then we have 


R“SR= 


0 0 


* The trivial case r= 1, a, = G’, is left out of account. 


| 

| 
| R= | 
lo 0 0... 
and 

10 1 0 
oi. 

| 0 0 1 | 
(1—p* 0 0 0 
| o 1 O 0 
| 
| 
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which is different from S; hence R and S are non-commutative matrices, the 
product of whose periods is p**'. But in G’ it has been shown* that for 
p>n+1 every matrix of period p’ is commutative with every matrix of 
period p',ifb+c=a. That is, if the product of the periods of two matrices 
in G’ is p”*', they must be commutative. Therefore G’ does not contain two 
non-commutative matrices of the same periods as /? and S in G’, and does not 
contain a sub-group abstractly identical with G. 

If G is itself a JORDAN group, similar reasoning leads to the 

Corollary. A chief n-ary JORDAN group, mod p*, does not contain a sub- 
group abstractly identical with any other chief n-ary JORDAN group, mod p”, 
if p>n+l1. 

38. Since the prime factors of the order of an i-group, besides p, are factors 
of p—1, p? — 1, ete., there results immediately 

THEOREM 17. (a) Every abelian group has isomorphisms of even order. 
(6) If the invariants of an abelian group of order 2” are all distinct, all its 
isomorphisms are of order a power of 2. (c) If an abelian group of order 
p”" has at least two equal invariants, it has isomorphisms whose order is 


divisible by 3. 


The largest invariant subgroup of order a power of p. 

39. The results of Part I, §§ 21-24 can be applied immediately to i-groups 
and translated into the language of isomorphisms. Thus from §§ 21, 22 we 
derive 

THEOREM 18. Jn the i-group of an abelian group A the largest invariant 
subgroup K of order a power of p consists of the isomorphisms which trans- 
form every independent generator of A into itself multiplied by the product 
of any operator of lower order and any operator of the same order which is 
the p-th power of an operator of higher order ; or, more generally, K consists 
of the isomorphisms which transform every operator into itself multiplied by 
the product of any operator of lower order and any operator of the same order 
which could not be used as an independent generator. Its order is equal to 


Soluble i-groups. 
40. From § 23 we derive 
THEOREM 19. The necessary and sufficient condition that the i-group of A 
be soluble is 
(a) if p> 3, that all the invariants of A are distinct, 
(0) if p = 2 or 8, that no three of the invariants of A are equal. 


* RANuM, Bulletin of the American Mathematical Society, vol. 13 (1906-7). 
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Invariant isomorphisms. 


4i. Finally, from § 24, by identifying the a,(i=2,.---, r) of that article 
with the a, of this section, we derive 

THEOREM 20. Jn the i-group of A the invariant isomorphisms are those 
which transform every operator of A into the same power of itself.* They 
form a cyclic invariant subgroup of order p*—'(p—1). 


Examples. 


42. Example 1. Let A be an abelian group of order p* and type (2,1). 
Then any isomorphism Z of A into itself may be written 


L: 
| A,~ A}; A; a= Avra Ar; 


and thus the i-group of A may be represented as a chief group G', mod (7: ?), 
whose matrices are of the form (>, xs) where A,, and i,, are prime to p. Its 
order is p*(p—1)’. A is of order p’ and its matatens are of the form (3 *P). 

If p > 2 and ¢€ is a primitive root of p’, we may take as generators R = (} |), 

of order p, S=(}'), of order p, °), of order 
of order p—1. If is chosen so that e?-' = 1+ >p, mod p’, and if isa 
root of the congruence er = 1, mod p’, then the additional generational rela- 
tions are RT’, U'"SU= and is 
invariant. 

Since # and S are non-commutative matrices of order p, G is not abstractly 
identical with a subgroup of any binary JORDAN group, but, as might be 
expected, it is abstractly identical with the subgroup of the ternary JORDAN 
group modulo p, whose matrices are of the form 


a y 8 
0 Bie 
0 0a 


Example 2. Let A be of order p®* and of type (9,9,6,4). Then the 
modular exponents of G are 


(9 9 6 4) 
lo 964 
jo 
19 9 6 4 


* This theorem was proved abstractly by MILLER, these Transactions, vol. 2 (1901), p. 260. 


oo 
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the p exponents are 

(0 


and the exponents of p in the \-moduli are 


ly 


which are clearly symmetrically situated with respect to the axis. 


5 


9 
9 


6 


wooo 


~ 
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of G is p*( p —1)*( — 1) and the order of X is p®. 
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A THEOREM OF ABEL AND ITS APPLICATION TO THE 


Tue object of this paper is twofold: first to deduce directly from the prop- 
erties of double integrals, the formula first given by ABEL, 


DEVELOPMENT OF A FUNCTION IN TERMS 
OF BESSEL’S FUNCTIONS* 


BY 
CLARA E. SMITH 


$1. Introduction. 


dt | = f(u)—f(9); 


T 


and second to apply this formula to obtain sufficient conditions under which a 
function is developable in a series of BrssEv’s functions of multiple values of 


the argument. 


Part I. A THEOREM OF ABEL. 


§ 2. Historical remarks. 


In a note on a mechanical problem, published in 1826,; ABEL gave the 


inversion formula 


(y)dy sinnw b(x)dx 


2 where = (n<1), 
(7—y)" vy) wT Jy 


l—n 


which under sufficiently strong conditions is equivalent to 


2x sinnr y™ (xyz) dz 


Relation (1) results from setting x = } in this formula. The case n = 3 is the 
one to which the problem of mechanics considered by ABEL leads, and many 
authors refer this case alone to him. ABEL’s proof which was founded on prop- 


erties of the Gamma function is incomplete. 


"* Presented to the Society December 29, 1905 and February 24, 1906. Received for publica- ; 


tion June 8, 1906. 
tCrelle’s Journal, vol. 1 (1826), p. 153, and Oeuvres Completes, vol. 1, p. 97. 
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In 1857 ScuLOmILcu * made use of relation (1) in determining the form of a 
development in terms of BessEv’s functions of multiple values of the argument. 
Remarking that ABEL’s demonstration is not rigorous, he proceeds to give a proof 
founded on double integrals, but as he says nothing of any conditions, and as the 
reader is left to suppose that the theorem is universally true, his proof must be 
placed in the same category with that of ABEL. SonineE} has given a proof 
resting on properties of BessEL’s functions, but the work is not rigorous, and 
he says nothing of the conditions under which it will hold. Betrramif¢ dis- 
cusses various forms of relation (1), and their application to SCHLOMILCH’s 
development, but without stating any conditions for its validity. Levi-Crvira § 
investigates a very general inversion formula which contains ABEL’s as a special 
case. He finds that the latter is valid for a function which is representable by 
FourteEr’s double integral, and has an integrable derivative. VOLTERRA || 
reviews the literature of the subject, and studies more general formulas of inver- 
sion. The most recent proof of ABEL’s relation seems to be that of NIELSEN.* 
His demonstration, based on properties of the Gamma function, is valid for a 
function f(a) whose derivative (a) can be developed in a series of functions 
of the form 

(7) = a, p,(*) + a, p,(#) a, 


where the series is uniformly convergent and each p,(2) is analytic in the 
neighborhood of the origin. 

The present proof is based on properties of multiple improper integrals as 
developed by Professor PrerPoNnT ** ; and aims to make rigorous the demonstra- 
tion of SCHLOMILCH already referred to. It is applicable to a more general 
class of functions than the proof of NIELSEN, and is much simpler than that of 
Levi-Civira ; though these latter proofs apply to ABEL’s general theorem, and 
not merely to the case n =}, given in relation (1). 

§ 3. Preliminary theorem. 

TueoreM 1. Let f(x) be continuous in (a, b) except at the points of an 
aggregate Nof the first species.t+ In any subinterval of (a,b) in which f(x) 
is not continuous, let it have limited variation. Let f' (x) be integrable in 


(a,b), and coxtinuous except at the points of an aggregate of the first species, 


* Zeitschrift fiir Mathematik und Physik, vol. 2 (1857), pp. 156, 157. 

+ Mathematische Annalen, vol. 16 (1880), p. 48. 

t Rendiconti del reale Istituto Lombardo, ser. 2, vol. 13 (1880), pp. 327, 402. 

§Atti della reale Accademia delle Scienze di Torino, vol. 3 (1895), p. 25. 

|| Annali di Matematica, ser. 2, vol. 25 (1897), p. 139. 

| Handbuch der Theorie der Cylinderfunktionen (1904), pp. 379-381. 

** Transactions of the American Mathematical Society, vol. 7 (1906), p. 155. 
This paper will be referred to as Improper Integrals. 

tt Prerpont, The Theory of Functions of Real Variables (1905), 2 501, 1. 
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where it may have finite or infinite discontinuities. Then if f(x) is con- 
tinuous at the end points of the interval, 


(@)ae = —f(a)—D 


If f(x) is discontinuous at the end points, then 


=f(b—0)—f(a+0)—D 


where D is the sum of the discontinuities of f(x) within the interval. 
Case 1°. Suppose A is of order zero, i. e., (2) has only a finite number of 


points of discontinuity c,, c,, ---, ¢,. 
€ b 


[+ 


s—1 Chi 


k=1 k=1 
But * 
— 
and 
Hence 


| dx = b) — f(a) + €)} I (a 
a k=1 


Since is integrable in (a, 


lim > de =Q. 


e=0 k=1 —e 
Hence by passing to the limit, 


ST’ (@)dx = f(b) —f(a) — lim 2. 
e=0 k=1 
But 
lim {f(¢, + €) —f(¢, —€)} 


* DE LA VALLEE-PoussIN, Journal de Mathématiques, ser. 4, vol. 8 (1892), p. 430. 
See PIERPONT, Theory of Functions, 72 538, 605. 
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is the discontinuity of f(s) at the point c,, and 


lim >> { + €) —S(¢, —€) | 


e=0 k=1 


is the sum of the discontinuities of f(x) in (a, 5). Hence 


Case 2°. Suppose A is of order n. The case where A is of order zero hav- 
ing been already considered, we suppose the theorem is true for A of order 
n — 1, and show that it must hold for A of order x. In this case A” consists 
of a finite number of points c,,c,,---,¢,. Then in the intervals (c,+e, ¢,,,—€) 
the aggregate of points of discontinuity is of order n — 1, and we have 


ff +| +{ | +{ 


&+1 


k=1 k Jey —e 


where d, is the sum of the discontinuities of (a) in the interval (c,_,+¢, ¢,—€).* 
Since f’ (x) is integrable in (a, b), 


e=0 k=1 J 


Since f(a) has limited variation in any interval when it is not continuous, 


lim > d,, 


e=0 &=1 
is finite, and we set 
s+1 
lim >> d,= > D,, 
e=0 k=1 


* That d; has a meaning when the number of discontinuities in the interval ( ©, —e ) 

infinite, is seen as follows: If the aggregate A of points of discontinuity is finite, or in other 
words if A is of order zero, d; is obviously a well defined quantity. Hence we suppose that d; is 
defined when A is of order n---1, and show that it is defined when A is of ordern. If A is of 
order n, A consists of a finite number of points pi, pz, ---, pr. Enclose these in little intervals 
(pi—7,pit+%7)- In the remaining intervals 4 is of order n—1, hence d; is defined. Let be 
the absolute value of the first discontinuity falling in the interval ( pi— 7, pi +7) ; let Ji2 be the 
sum of the absolute values of the first and second, etc. Then 5j, 52, 5is, - +: is an infinite in- 
creasing sequence, which, as f has limited variation, must always remain less than some fixed 
quantity. Then from Theory of Functions, 22109, 101, 102 the sequence 61, dj2, dis --- has a 
limit, which we define as the value of d; in the interval (pi—7, pi+7). Hence d; is defined 


throughout the interval + ¢, The same reasoning holds for D,; = lim d;. 
e=0 
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where J), is the sum of the discontinuities of f(a) in the interval (¢,_,, ¢, ) 
excluding the end points. 
Also since f(a) has limited variation, 


lim = + 9) } 


e=0 k=1 k=1 
exists and is finite. * Set 


+1 


D.+D +9)} =D. 


k=1 


Then J is the sum of the discontinuities of f() in (a, >), and 


Suppose now /'(2) is discontinuous at #7 =a. Then obviously 


| f' (x) dx = f(b) —f(a+0)—D. 
Similar reasoning holds if /( is discontinuous at = 


$4. Proof of Abel's relation. 


THEOREM 2.¢ 1°. Let f(a) be continuous in the interval (0, 7), except 
at the points of an aggregate & of the first species. In any subinterval of 
(0, 2) in which f(x) is not continuous let it have limited variation. 

2°. Let f'(a) be integrable in (0, 7), and continuous except at the points 
of an aggregate of the first species where it may have finite or infinite dis- 
continuities. 


* JORDAN, Cours d’ Analyse, vol. 1, p. 55. 

t Added by the author, December, 1906. In a paper presented to the American Mathematical 
Society in New York, December 28, 1906, Professor PIERPONT gave the following theorem : 
Let the infinities of | f(z )' be discrete in the measurable aggregate Jt and let 


be convergent. Then 


S I= 


By virtue of this theorem, conditions 3°, 4° of theorem 2 may be replaced by the following: 3°. 


Aut ) 
fet —— 
0 o 4 


be convergent. Either set of these conditions is sufficient for the validity of theorems 3 to 10. 


Let 
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3°. Let the function 
(rut) 


be integrable in the square S, bounded by the lines X=0,A=1,t=0,t=1. 
4°. Let the integral 


rel xX \ 


be regular* and integrablein0 St=1. Then 


(Ar 
ut )rdt =f dt SF (Aut) rAdr 
Y1—-x 


= f(u—90)—7(0+0)— D(u), 
where D(u) is the sum of the discontinuities of f(u) in the interval (0, u). 
Using conditions 3°, 4° we have + 
= 


Since the integrand of 


(Aut dt 


is symmetrical in A and ¢, it follows from condition 4° that the integral is 
regular and integrable in 0 =2A=1. Hence 


@) f (Aut) Adtdr fa (Aut) rAdr (Aut )rAdt 


Let us apply to the integral on the left of (2) the transformation 


teen, 
u 
whose determinant 
— ay 
x y u(a? + 


* PIERPONT, Improper Integrals, p. 167. 
+ PIERPONT, Improper Integrals, p. 168, theorem 27. 
Trans. Am. Math. Soc. 7 


(0 
| 
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The image of the square S is the quadrant Q, bounded by the lines s=0, y=0, 
2 +y>=u’*. The transformation is regular* in S except at the points of a 
discrete aggregate ), which consists of the boundaries of S and a set of equi- 
lateral hyperbolas. The image of J is also discrete, consisting of the bound- 
aries of @ and a set of lines parallel to the y axis. Hence} we have 

(3) 


(Aut) rAdt dr 1 f'(x)dxdy 


By condition 2°, /’(a) is integrable in the interval (0, w), 0 = u = 7, and is 
continuous except at the points of an aggregate of the first species. Hence 
since the integral 

f'(x)dy 

Jo 


oak (x), 


it is regular and integrable in 0 = 2 =u. Thent we have 


(4) dx | => ( S'(«)dx. 
@ 


Vw—2—y 


From theorem 1, 


(5) [sede = —0)—f(0 + 0)— 


Then (2), (3), (4), (5) give (1). 
Corottary 1. Jf f(x) is continuous in (0,7), and conditions 2°, 3°, 
4° of the preceding theorem are satisfied, then 


Qu “(rut 2u (' "(hut )Adt 
u | di ~ )rAc ar { ) rc u)—f(0). 


CoroLuary 2. Jf f(a) is continuows in (0, 7), and (a) is limited and 
becomes discontinuous only at the points of an aggregate of the first species, 
then 


2 (rut) rAdX (Au Adt 


Y1—#-Vi-x 


For, f x) is integrable § in (0, z), and (Aut) is integrable § in S. Then 


* PIERPONT, Theory of Functions, 3 742. 

+ PIERPONT, Improper Integrals, p. 174, theorem 32. 
¢ PIERPONT, Improper Integrals, p. 168, theorem 27. 
§ PIERPONT, Theory of Functions, § 719, 2. 
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since is integrable in S, 7’ (Aut is 


also integrable * in S. Also the integral 


(Aut) dr 
0 


is uniformly convergent | in 0 =t=1. Hence it is limited ¢ in the same 
interval, and continuous § except at the points of a discrete aggregate. It is 
therefore integrable in 0 = ¢ = 1, and the conditions of theorem 2 are satisfied. 

It should be noted that in the general case of the theorem conditions 3°, 4° 
do not follow from 2°. For if ’ (a) has a single point of infinite discontinuity, 
J’ (Aut) becomes infinite at all the points of an hyperbola, and hence has 
points of infinite discontinuity in common with 1/y1—¢-V1—2*. Then 
(Aut )/V1—- may not be integrable. 

The conditions of theorem 2 obviously include those of NIELSEN ||, since in his 
theorem f'(x), being representable by a uniformly convergent series of contin- 
uous functions, must be a continuous function in the vicinity of the origin. His 


theorem, however, covers a more general set of inversion formule. 


Part II. DEVELOPMENT OF AN ARBITRARY FUNCTION IN TERMS 
OF BESSEL’s FUNCTIONS. 
§ 5. Historical remarks. 
In 1857 ScHLOMILCH in the paper already cited outlined a method for 
obtaining a development of the form 
(1) (2) a, a, J, + a, J, ( 2x) + a,J,( 3x) + 


where 


ue )dv 


1 7 


'F"(uv) dv 
ucos nu du = (u+0), 
Tv. 0 e/0 1 


and where -/, is a Bessel’s function of order zero. By termwise differentiation 


of this series, and by use of the relation 


GS, _ 


dx 


* PIERPONT, Improper Integrals, p. 159. 

{+ PIERPONT, Theory of Functions, 2 615. 

t Prerpont, Theory of Functions, 2611, 4. 
§ JORDAN, loc. cit., vol. 2, 3 156. 

|| Loc. cit., pp. 379-381. 

" Loe. cit., pp. 155-158. 


a, 
9 
(4) 
| 
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he obtained also a development in terms of J,(x), 
(3) b, J,( x) + b, J, ( 2x) > b, J, (3x) 


where 


Qn (uv) d 


He however specified no conditions sufficient for the proof of the validity of 
either development. BELTRAMI,* GEGENBAUER,} and VOLTERRA study develop- 
ments of this and more general forms, considering the multipliers of the variable 
« in the respective terms as the roots of a transcendental equation. This 
throws the consideration of these developments back upon the very general 
problem studied by Drn1,$ which he solved by use of the complex variable. 
NIELSEN || gives as sufficient conditions for the development of f(a) in a 
SCHLOMILCH series, that /’(2)-shall exist and be such that f( ax) + aaf"( ax) 
may be developed in a Fourter series, which shall be uniformly convergent for 
It follows from this that f(ax) + axf’( ax) is 
a continuous function in the interval, a condition which is not imposed in the 
following theorems. NIELSEN’; theorem applies, however, to a more general 


class of developments. 


§ 6. Developments in terms of J,(x). 
THeoreM 3. Let f(a), f'(.) be subject to the conditions of theorem 2. 
Set 


(1) f(040) + rx | 


Then 
2 ('Fi(ru)dr 
2 f(u—9)= 

(2) | 


rut) dt 


+ Du), 


where D(u) is the sum of the discontinuities of f(w) in (0, u). 
Multiplication of (1) by 2/7V1 — 2» gives 


2f(0 +0) (Aut) dt 2 dru) 


By condition 4° in theorem 2 this is integrable in 0=A=1. Henee, inte- 


grating, we get 


* Loc. cit., pp. 327, 402. 

+ Wiener Sitzungsberichte, vol. 88, II (1883), p. 975. 

t Loe. cit., p. 139. 

4 Serie di Fourier e altre rappresentazioni analitiche delle funzioni di un variabile reale, 1880. 


| Loe. cit., p. 348. 
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Qu (Aut) Adt (Au) 
(0 +0) nf — 


whence by theorem 2, 


)dr 
f= + Diu). 


THeoreM 4. 1°. Let f(x), f(a) be subject to the conditions of theorem 2. 
2°. Let the integral 
al tr 
J (tr) de 


represent a function having limited variation in 0Sx=7. Then 
ScHLOMILCH’s development in terms of J,(x) is valid in the same interval. 
By condition 2° the function 


F(x) =,f(0 +0) +2 | J 


dt 


has limited variation in (0, 7), and hence can be developed in FouRIER’s series,* 


a 
F(x) = 5 + a, cos + a, cos 2x + a, cos 8x + --- 


where 


9 
(3) cos nudu. 


Replacing « by x sin A, where 0 = a2 0=A= 7/2, we have 


a, 2a, 2a, 
F(x sind) + ‘cos sin A) + “cos (2a sinX)+-- 


By ARZELA’s condition} this series is integrable termwise in the interval 
0=A=7/2 if it is “in general uniformly convergent by segments” and is deter- 
minate for every value of \ in the interval, if each term is integrable, and the 
sum of s terms is less than a finite number JZ for all s and all A. Now F is 
continuous ¢ except, perhaps, for a set of points of the first species. These can 
be included in a finite number of intervals of total length e€, where ¢ is arbi- 
trarily small. Since /’ is continuous in the remaining subintervals, the series 
converges uniformly § in each of these. Hence in the interval (0, 7) it is 
according to ARZELA || “in general uniformly convergent by segments.” Fur- 

* JORDAN, loc. cit. vol., 2, 2 231. 

t Sulle serie di funzioni, Memorie dell’ Accademia delle Scienze dell’ Istituto di 
Bologna, (5), 8 (1900), p. 724-725. 

t JORDAN, loc. cit., vol. 2, § 156. 


? JORDAN, loc. cit., vol. 2, § 231. 
|| Loc. cit., p. 712. 
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thermore each of the functions 
2a, 
‘cos (nx sin 2) 


is integrable in 0 = A = 7/2; the sum 
=, 2a, 
> —" cos (nx sin 2) 


n=1 


is determinate for every value of > in the interval (0, 7/2); and by known 
properties * of FouRIER’s series 


Qa 
> —" cos (nv sindr) <L, 
n=1 
where Z is a finite number independent of s and of X. Hence 
2a, 
€08 (na sin dX= > | cos (nx sin 


n=l 


Then 


a, 2a, on /2 : 2a, 


Substitution from the formula 


9 an 
J (nx) = cos (nx sin X)dXr 
v0 ) T 


gives 

9 on 2 

= F(x sindy)dA = a, + a,J,(x) + a,JS,( 22) + (8%) +---. 
Setting in place of sin A, and substituting from (2), we have 
(4) f(w—0)= D(x) + a,J,(27) + +---. 


From (1) and (3) we have 


2 


(n+0). 


In essentially the same manner as theorems 3 and 4 we may prove the fol- 
lowing theorems : 


* JORDAN, loc. cit., vol. 2, § 231. 


9 
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TxHeoreM 5. Let $(x) = xf(x) and $' (x) be subject to the conditions of 


theorem 2. Set 
Af (Aw) + O*) = F(z). 


Then 


TueoreM 6. Let $(x) = a«,f(x) and $'(x) be subject to the conditions of 


theorem 2. Let the integral 
f rn? 
0 V1—2z 


represent a function having limited variation in 0 = x 


< 


Then f(x) may 
be developed in the form 


‘ 
where 
2" AS Mu f’ (r 
T So 0 1 1 


It will be noted that this development may be valid when /() has an isolated 
infinity of order less than one at the origin, a fact which we are unable to affirm 
concerning the corresponding development of SCHLOMILCH. 

The question of the identity of these two forms of development (4), (5) is an 
interesting one. It seems probable that for any function which is regular at 
the origin they are the same, as is the case in the following examples. 


1. ( x) = sin wv, (x) = COS 
2" sin X | 208 
n 0 0 Vil 


(2k —1)a%-? — 
cos mu | du. 


o 1 — X | 


Hence 2, — a, = 0, and the two developments are identical. 


But 


Yeample 2. S(2) = 2", (2) = 


—(m+1)a™*! 
a—a u”™ cos nu du ( —dnxr 
T 0 a Vil 


t 


| 
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rn™ +1 vl 
‘Jo o V1—2? 


Hence a =a , and the two developments are identical for any integral rational 
n n 
function of x. 


But 


§ 7. Development in terms of J,(x). 


In the same manner as theorem 3, we may prove the following theorems. 
THEOREM 7. Let f(x), f(a) be subject to the conditions of theorem 2. 


Set 
f(t) 
lt = F(a). 
J Vi— 
Then 


2u (AF (A 
f(u—0)=/f(0+0)+ ‘| N+ D(u). 
TJ VI—2 


THEOREM 8. Let d(x) = af(x) and $'(x) be subject to the conditions of 
theorem 2. Set 
(tx) + taf” (tx 
(a + A = F(2). 
Then 
2 D 
f(u)= | ( 4 
1 — x u 


THeoremM 9. Let f(x), f (x) be subject to the conditions of theorem 2. 
Let the integral 


el 
| J ( tx ) dt 


represent a function having limited variation inO =x Sam. Then F(x) may 
be developed in the form 


(6) Do) + ---], 


(0<z57), 


where 
9 
(ut 
b'= | sin nu du | dt. 
Since 


| 
| 
4 
f' (ta) 
F(x)= | dt 
Je VI—F 
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has limited variation in 0 = x = 7, it may be developed in Fourier’s series, 


F(x) sin x + 6; sin 2x + sin 82 --. (O0<r=7)» 
where 


3 | bo 


F'(u) sin nu du. 
Jo 


Proceeding as in theorem 4, and substituting from the formula 


9 


9 en /2 
J (nx) = — sin (nv sin A) sin AdA 
e/v 


we obtain the development (6). 
In a similar manner we prove the following theorem. 
THEOREM 10. Zet = af(#) and be subject to the conditions 
of theorem 2. Let the integral 


represent a function having limited variationin O =a Then f(x) ma 


be developed in the form 


D(a) 
where 
| sin nu du | 
e/t 0 1 x7 


As in the case of J,(#), if ScuLtOmiLcn’s development given in § 5, (3) is 
valid, it is identical with (7) in simple cases. We note the following examples: 


Example 1. = sina, = cos 


b, 


2k | u*—! sin nudutu | 


e 


2k ang 
= u cos nu du | 


But 


J u* cos nudu = — u*—! sin nudu. 
0 u 


Hence 8, — b, = 0, and the two developments are identical. 


Example 2. f(x) =a", (2) = mz". 
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—O,=—- m+) sin nudu+n cos nude 


(m odd), 
or 
1-3-5---(m—1 
—b= ( m+1 u” sin nudu+n u™*! cos nu du 
(m even). 
But 


m+1 (* 
u"*! eos nudu = — u™ sin nudu. 
0 n e/0 


Hence 8, —b, = 0, and the two developments are the same for any integral 
rational function of x. 


NORTHFORD, CONN., 
June, 1906. 
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IRREDUCIBLE LINEAR HOMOGENEOUS GROUPS WHOSE ORDERS 
ARE POWERS OF A PRIME* 


BY 
WILLIAM BENJAMIN FITE 


The purpose of this article is to determine as far as possible the connection 
between the degree of an irreducible linear homogeneous group and its abstract 
group properties. The discussion will be limited for the most part to groups 
whose orders are powers of a prime. As a particular phase of the general sub- 
ject there arises the question as to the circumstances under which a group can 
be simply isomorphic with irreducible groups of different degrees. The simple 
group of order 168, for example, is simply isomorphic with irreducible groups 
of degrees 3, 6, T, and 8 respectively. On the other hand, I know of no 
group whose order is a power of a prime that is simply isomorphic with irredu- 
cible groups of different degrees. In fact, the following discussion shows that 
in certain irreducible groups the degree is uniquely fixed by certain abstract 
properties of the group; and if the degree is not thus uniquely fixed the order 
of the group must be greater than the seventh power of a prime. 

THeoreM I. A linear homogeneous group G, of class+ k, all of whose 
invariant operations are similarity substitutions either is irreducible or is 
simply isomorphic with each of its irreducible components. 

If G is reducible, suppose that it has been put into its completely reduced 
form. The invariant operations will not be affected by this.change. If in any 
operation the identity of any irreducible component were associated with a non- 
identical operation in the other variables, this operation would be non-invariant 
in G, and would therefore give at least one non-identical commutator. This 
commutator would also be non-invariant, and none of its successive commutators, 
except identity, could be invariant. But this is impossible since G is of class 
k. Hence every irreducible component of G is simply isomorphic with G. 

TuHeoreM II. A linear homogeneous group G', of order a power of a prime, 
that has a cyclic central either is irreducible or is simply isomorphic with at 
least one of its irreducible components. 


* Presented to the Society at the New Haven summer meeting September 3, 1906. Received 
for publication October 22, 1906. 
+ Cf. Transactions of the American Mathematical Society, vol. 3 (1902), p. 54+. 
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If G is reducible, suppose that it has been put. into its completely reduced 
form. Then at least one of its irreducible components has at least as many 
invariant operations as (r. If G, be such a component, it can easily be shown 
that G 


Let G be any group of finite order g that has a cyclic central (distinct from 


, and G ave simply isomorphic. 

identity). It is simply isomorphic with a regular permutation group, which can 
be written as a linear homogeneous group. We can therefore think of G as a 
linear homogeneous group. The coefficients in this group are either zero or 
unity. The central // of G is generated by an operation / of order a and of 
the form (when written as a permutation) 


The operation S, 


where @ is a primitive ath root of unity, transforms G into a semi-canonical 
form,* and in particular transforms / into its normal form. It is furthermore 
obvious that the roots of the characteristic equation of 1 are the ath roots of 


unity each occurring g/a times.{ In the transformed form of G the variables 


ave transformed into linear combinations of themselves. Let G, be the group 
formed by the substitutions of G as far as they affect these v/a variables. If 
/ — Lis relatively prime to a, G, is simply isomorphic with G and its invariant 
operations are similarity substitutions. If we suppose that G is of class /, it 
follows from theorem I that G, is simply isomorphie with each of its irreducible 
components. Any irreducible component of any (j= 1, 2, ---, @) is an irre- 
ducible representation of G. Moreover the components of no two of these G,’s 
are equivalent. This follows from the fact that in the simple isomorphisms 
between these components and G the multipliers of the operations that corre- 
spond to / are different. We have then $(«) distinct irreducible representa- 
tions of G that are simply isomorphic with it. 

It follows directly from this discussion that a sufficient condition that a group 
of class /: be simply isomorphic with an irreducible group is that its central be 
eyclic.t 

* BLICHFELDT, Transactions of the American Mathematical Society, vol. 5 (1904), 
p. 313. 

t This conclusion is obviously independent of the fact that h is invariant in G@. Hence if any 
regular permutation of order a is written as a linear homogeneous substitution the roots of its 
characteristic equation are the ath roots of unity, each occurring g/a times, where g is the degree 
of the permutation. 


{Cf. Transactions of the American Mathematical Society, vol. 7 (1906), p. 65. 
The proof given above is much the simpler one. 


| 
| 
| 
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If now G is an irreducible linear homogeneous group of order p”( p a prime) 
and has p* invariant operations, there are at least p*~'(p — 1) distinct irredu- 
cible representations of G that are simply isomorphic with it. 

Consider the formula * 


Xi. Xi’ ni h, 


If we let & refer to the conjugate set formed by an invariant operation of order 
p, then h, = 1, and we have 


> 2, + P's 


where 2, is the number of irreducible representations of G of degree p" with 
which G is simply isomorphic, and >°*_, », is the total number of the irreducible 
representations with which G is simply isomorphic. If we denote by I the sub- 
group composed of the invariant operations of order p, then, inasmuch as every 
invariant subgroup of G contains HT, the terms following «,p*” in the left 
member of the last equation give > x/ xj, for the group G/H, where /: refers 
to the conjugate set composed of identity, and therefore the sum of these terms 

It follows from what we have seen that #, = p*"'(p—1)(i=1,2,---,8). 
If one of the irreducible representations with which G is simply isomorphic is 
of degree} then s=1 and x, =p*"(p—1). Moreover, 2, is 
the difference between the number of conjugate sets of G and of G///. Now 
this difference is (» — 1) times the number of conjugate sets of G/H whose 
operations correspond to operations of G that give no invariant commuta- 
tors besides identity. Also if every non-invariant operation of G gives an 
invariant commutator besides identity the degree of G ist p("-*". Hence: 

TueoreM III. A necessary and sufficient condition that an irreducible 
group of order p™ with p* invariant operations be of degree p™-®” is that 
every non-invariant operation give invariant commutators besides identity. 

If ( contains a non-invariant operation that gives no invariant commutator 
besides identity, it must be of degree less than p‘"~®*, and therefore it must 
contain a non-invariant operation the sum of whose multipliers is not Zer0.$ 
Conversely, if G contains a non-invariant operation the sum of whose multi- 
pliers is not zero, its degree must be less than p\"~®*, and therefore it must 


*FROBENIUS, Berliner Sitzungsberichte, 189%, II, p. 1363; BurNsrpE, Proceed- 
ings of the London Mathematical Society, vol. 33 (1900), p. 153; series 2 
(1903), p. 123. 

+ No one of them can be of greater degree. See Transactions of the American Mathe- 
matical Society, vol. 7 (1906), p. 67. 

t Loe. cit., p. 67. 

§ Loe. cit., p. 67. 
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contain a non-invariant operation that gives no invariant commutator besides 
identity. It should be remarked that this does not prove that in an irreducible 
group the sum of the multipliers of a non-invariant operation which gives no 
invariant commutator besides identity is necessarily different from zero. That 
is not yet settled. 

Suppose that G, of order p", is an irreducible group with an abelian sub- 
group G', of index p®. Then G contains a subgroup G,_, of index p*-' that 
contains G, invariantly. None of the irreducible components of G,_, can be 
of degree greater than p. If G,_, does not coincide with G it must be invariant 
in a G,_, of index p®~*. None of the irreducible components of G',_, can be 
of degree greater than* p’. By proceeding thus with a series of subgroups 
each of which is invariant in the next following one and of index p under it, we 
see that the degree of G cannot exceed p’. 

TueorEM IV. Jf an irreducible linear homogeneous group G of order 
contains an abelian subgroup of order p"~*, the degree of G cannot exceed e. 

It follows immediately that if G, of order p", has a cyclic central of order 
p* and contains an abelian subgroup of order greater than p"*®”, it must con- 
tain non-invariant operations that give no invariant commutators besides 
identity. 

If G, of order p", is an irreducible group of degree p, it contains an abelian 
subgroup of order + p"~'. It therefore cannot be simply isomorphic with an 
irreducible group of any other degree. It can now readily be verified that (as 
stated in the introduction) if G is of order p”, where m < 8, it cannot be sim- 
ply isomorphic with irreducible groups of different degrees. 

If G, is any subgroup of G of index p*® and with p™ invariant operations, its 
degree must be equal to, or less than, p'"~*-*? if it is irreducible, and in case 
it is reducible the same must be true of each of its irreducible components. If 
is the degree of then m+ 6—a, = m—a—X, ork = a,—a—. 
If we know the degree of G, this inequality gives us an upper limit to the num- 
ber of invariant operations of any subgroup with a given index. On the other 
hand, if the abstract group properties of @ are known, it gives us an upper 
limit to the degree of G. 

TueoreM V. Jf G is an irreducible group of order p” (p an odd prime) 
and class 3, the square of the absolute value of the sum of the multipliers of 
any operation of G is a power of p. 

The theorem is obvious for the invariant operations and for those non-invariant 
operations the sums of whose multipliers are zero. We need to consider, then, 
only those non-invariant operations the sums of whose multipliers are not zero. 


* This argument is based upon a selection of new variables such as is described by BLICH- 


FELDT, loc. cit., p. 311. 
+t Transactions of the American Mathematical Society, vol. 7 (1906), p. 68. 
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Let S be such an operation. Obviously it is not in //,.* We suppose then 
that it corresponds to an operation of order p® of G/H,. Since S can give no 
invariant commutator besides identity, there must be in G an operator A such 
that S-'AS = At, where ¢ is commutative with S, but is not invariant in G. 
Now = and therefore ¢° is invariant in G. Moreover 
SAP § = Ar? where A-'tA = th, h being invariant in G. 
Since is invariant, =1 and therefore = 1, since otherwise S would 
give an invariant commutator besides identity. If ¢ is of order p*1(8, = 8), 
we put = and A,= Av", Then S S=A,t. 
Now ¢, is of order p. (If it were identity, t”**~" would be invariant and there- 
fore — 1: but this would require that If B,>1, A, and ¢, 
are commutative. 

Since S and ¢, are commutative, we can consider both of them written in the 
normal form : 


Inasmuch as ¢, is not invariant, its multipliers break up into p sets of equals, 
those of one of the sets being unity. If A, and ¢, are commutative, the sum of 
the multipliers of S that correspond to each of these sets, except that one whose 
terms are all unity, is zero. If 8,=1 and A is not commutative with ¢, we 


shall have: 


From this it follows that 

p” pr 

i=l i=l 
If we define y as the first of the following sums, we have 

Y= l+o+o%+4 w™, 

=o "+4... +1, 


where, for brevity, m denotes p( p — 1)/2. 

The sum of the left members of all these equations is y y(y being the conju- 
gate imaginary of x). Therefore, yy = p» +o, where o is the sum of the ele- 
ments of all the columns on the right, except the middle column. Now the sum 
of the elements of the ith column to the right of the middle one is 


* BURNSIDE, Theory of groups of finite order, p. 62. 
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w' — ) — 


Moreover, the sum of the elements of the ith column from the right end (count- 
ing the end one as the first one) is 


Therefore, the sum of the elements of these two columns is zero. Since there is 
an even number of columns to the right of the middle one, and since the sum of 
the elements of any column to the left of the middle one is the conjugate imag- 
inary of the sum of the elements of the corresponding column to the right, we 
have* xy =p. That is, the square of the absolute value of the sum of the 
multipliers of S is equal to p times the square of the absolute value of the sum 
of the first p"~' of them. 

Consider now the subgroup G, of G that is composed of the operations that 
are commutative with ¢,. G, is reducible and has p irreducible components. 
That part of ¢, that belongs to a certain one of these components has all its 
multipliers equal to unity. In this,component either S is invariant or it is a 
non-invariant operation that gives no invariant commutator besides identity. 
In the former case the theorem results immediately; in the latter it is necessary 
to apply the same procedure again. By continuing in this way we must finally 
come to a component in which S is invariant. Hence the theorem. 

The square of the absolute value of the sum of the multipliers of S is at most 
equal to p*"-'. If we denote by « the number of non-invariant operations of G 
that give no invariant commutators besides identity, we have p**™ + ap*"—' = p"; 
that is, = —1). 

TueoreM VI. An irreducible group of order p" (p an odd prime), class 
3, and degree p'"~*-”* contains at least p**' (pp — 1) non-invariant operations 
that give no invariant commutators besides identity. 

CORNELL UNIVERSITY, 
October, 1906. 


* For this evaluation of x, 7 I am indebted to Proressor C. N. HASKINs. 
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APPLICABLE SURFACES WITH ASYMPTOTIC LINES OF ONE 
SURFACE CORRESPONDING TO A CONJUGATE SYSTEM 
OF ANOTHER.* 


BY 
LUTHER PFAHLER EISENHART. 


Given a surface S and a surface S, applicable to it; the lines on S, cor- 
responding to the asymptotic lines on S are called the virtual asymptotic lines 
of S, in its application upon S. It is our problem to determine the surfaces 
S which admit of one or more applicable surfaces S, with the virtual asymptotie 
lines forming a conjugate system. We find that in every case the surface S is 
an associate surface of a spherical surface, that is, of a surface whose gaussian 
curvature is a positive constant. Moreover, every surface associate to a spher- 
ical surface is of the kind sought. 

In deriving the equations of condition to be satisfied by the fundamental 
quantities of a surface in order that it admit of the given deformation (we shall 
refer to such a surface as a surface S), we assume that the surface is referred 
to its asymptotic lines. Then the parametric lines on S, form a conjugate 
system. From the form of the equations of condition it is seen that, if there 
are more than two surfaces S, applicable to S with conjugate virtual asymptotic 
lines, there are an infinity. When there are only one or two surfaces S,, they 
‘an be found by quadratures. But when there are an infinity of them, their 
determination requires the integration of a system of two linear partial dif- 
ferential equations of the first order in two unknowns. Certain of the equations 
of condition are satisfied identically when S is a quadric or a ruled surface, 
but all are satisfied only when S is a skew helicoid with plane director. In 
the latter case there are an infinity of surfaces S, — they are the catenoid 
and the surfaces of revolution applicable to it with lines of curvature in cor- 
respondence. 

In § 4 we show that S is an associate of a spherical surface, =, and that 
when S, is known, = can be found by quadratures. Conversely, when = is 

* Presented to the Society at the New Haven summer meeting, September 4, 1906. Received 


for publication November 19, 1906. 
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known, S, can be found by quadratures. The relation between S and S, being 
reciprocal, S, also is an associate of a spherical surface, =,, which can be found 
by quadratures. In §5 we discover that = and =, are the Hazzidakis trans- 
forms * of one another. Hence we~iave a means of finding by quadratures the 
Hazzidakis transform of a spherical surface when a conjugate system with equal 
point or tangential invariants is known. + 

It can be shown that when a spherical surface > has a conjugate system of 
lines with equal point and equal tangential invariants the corresponding con- 
jugate system on the Hazzidakis transform is of the same kind. In this case 
these are two surfaces, S and S’, associate to = which admit of applicable sur- 
faces, S, and S’, with conjugate virtual asymptotic lines. All four surfaces, 
S, S’, S,, S, and the surface =, associate to the last two are found by quad- 


ratures. These results are obtained in § 6 and applied to several particular 
cases in § 7 
In § 8 we study the spherical representation of the surfaces S,. The equa- 


tions to be satisfied by this representation are of such a form that when S 
admits of an infinity of applicable surfaces of the kind S,, the representation 
of its asymptotic lines represents also the conjugate virtual asymptotic lines on 
another infinity of surfaces S. From this it follows that when a surface S is 
known, all the surfaces S, and the spherical associate surfaces = and >’ can be 


found by quadratures. 


$1. General Sormulae. 


Let a surface S be referred to its asymptotic lines. The Codazzi equations { 


of condition reduce to 

where for the sake of brevity we have put 


(2) EG— 


We seek the conditions which must be satisfied by the fundamental functions 
for S in order that upon one of the surfaces applicable to it the virtual asymp- 
totic lines form a conjugate system. We assume that there is a surface appli- 
able to S in this manner and denote it by S,, indicating by a subscript 1 the 
functions pertaining to it. 

* BIANCHI, Lezioni, II, p. 437. Also EISENHART, Surfaces of constant curvature and their 


transformations, these Transactions, vol. 6 (1905), pp. 472-485. 
tL. ¢., where I have shown that the Hazzidakis transform can be found readily when one 


knows an isothermal-conjugate system. 
t Brancul, Lezioni, I, p. 120. 


dD’ 
iT’ 
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Since the parametric lines on S are asymptotic, on S, they form a conjugate 


system ; so that the Codazzi equations* for S, are 


fra) 


In these equations and in equations (1) the Christoffel symbols are formed 


with respect to the common linear element of the two surfaces 


(4) ds? = Edu? + 2Fdudv + Gade". 

Since the gaussian curvatures of the two surfaces are equal, we have the 
equation 

(4) — D* =D, D,, 


which we replace by 
(5) D, = ¢ I, D’ = 


where ¢ is an auxiliary function. If these values of )), and J); be substituted 
in (3) and reduction be made in accordance with equations (1), we obtain the 


following equations for the determination of ¢: 


6) | 


This equation is quadratic in e*. From (5) it is seen that the two surfaces S, 
arising from a value of ce” are symmetric with respect to the origin and conse- 
quently can be referred to as one surface. For convenience we write the above 


equation in the abbreviated form 


(8) + Be*4+C=0. 


* BIANCAI, Lezioni, I, p. 120. 


| 
| 
The condition of integrability of these equations is 
1121) 
—2 4 
22] 
[2] 
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Hence unless 


(9) A=B= C=0, 


there are at most two surfaces S,. In order to find the conditions to be satis- 
fied, we solve equation (8) for e” and substitute the resulting value in equations 
(6). We shall find later that there are surfaces S for which the resulting equa- 
tions of condition are satisfied. 

When now equations (9) are satisfied, there are an infinity of surfaces appli- 
cable te S, with conjugate virtual asymptotic lines. It follows from (1) that 


(10) ou | 1 


so that in consequences of the identities 


j12| 22) 12 
(11) log + | le = | 4 
we have also 


2422) (22) (22) 22) (12) 

sity 1) {12 


| 


When S and S, are referred to any parametric system whatever, the neces- 
sary and sufficient condition that to asymptotic lines on S correspond a conju- 
gate system on S, is ; 

DD + =9. 
The symmetrical form of this equation enables us to state that the asymptotic 
lines on S, also correspond to a conjugate system on S. Hence, when a sur- 
face is referred to a conjugate system of lines, the necessary and sufficient con- 
dition that it be capable of a deformation in which the virtual asymptotic lines 
are conjugate is 
D 12 | D 12 | 


Cc = 


where A’ denotes the total curvature of the surface and the Christoffel symbols 


Oo (12 | 12 | 
{Ov | 2 

Hence the equations of condition (9) can be written thus: 

g 12 | 22 | 9 

dul" | 1 f° | 2 Ovi” 

| 
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are formed with respect to the linear element. For equations (14) are the con- 
dition that one of the surfaces with the linear element (4) have its asymptotic 
lines parametric. 

§ 2. Quadrics and ruled surfaces. 


We consider the particular case 


11 22 


that is, S is a quadrie surface. Now equations (13) reduce to 


ra) 12 22 O 12 11 
ou|~ | 1 | 2 Ov} | 2 | | 
Hence, if there is one surface S,, there is an infinite number. 
We consider first the case of central quadrics. The equations of such a sur- 
face can be put in the form 


1 —wuv 
u+v “u+v 
The constants a, b, ¢ are real for the hyperboloid of one sheet. One finds 
readily 
2 —2 


| 
12 (uv —1) (uw? +1) (u — + (uv +1) (uw? — 1) 
1{ (#4 v)[a°b? (uv b’c? (vu + 1)*] 
which do not satisfy equation (16). 
Again, the equations of the paraboloids are 


v=a(ut+v), y=b(u-—v), uv. 
Now 
H = [4a°b’ + (a? + 
and 
_ 
2 14 { = 


Hence equation (16) becomes 


Cc 
H=0, 
Cucv 


which evidently is not satisfied by the above value of 7. Therefore equations 
(15) do not furnish a solution of the problem. 


We consider next the case 
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Now the lines v = const. are straight and consequently S is a ruled surfaee. 
The parameters of the asymptotic lines can be so chosen that the linear element 
takes the form * 
ds’ = du? + 2 cos dw + (M*u? + 2Nu + 1)de’, 
where cos 6, M and JN are functions of v alone. Now 
11 12 M*u+ N 
| = — cos 6 3 
1 J 1 M*u? + 2Nu + 


so that the first two of equations (13) are satisfied identically and the last 


reduces to 


But 
12 | cos 6 [ + 2M? Nu + (2N?* — sin 0) ] 
2(M*u? + 2Nu + sin*® 0) 
This can vanish only when cos 6 = 0, or 


M=N=0. 


In the latter case the total curvature of the surface is zero, so that it may be 
excluded ; in the former case the ruled surface is the skew helicoid with plane 
director, which we know is applicable to an infinity of surfaces of revolution in 
such a way that the lines of curvature of the latter correspond to the asymptotic 
lines of the former. Hence: 

The helicoid with plane director is the only ruled surface which can be 
deformed in an infinity of ways so that the asymptotic lines become a conju- 
gate system. 

$3. Spherical representation of S. 

Between the Christoffel symbols { "’ |’ formed with respect to the linear ele- 
ment of the spherical representation of S and the symbols formed with respect 
to the linear element (4) the following relations obtain : + 


| 
J 
In consequence of these relations equation: (6) can be given the form 
Ct 23 11)’ , 
0, 
(18) 


* BIANCHI, Lezioni, I, p. 254. 
+ BIANCHI, Lezioni, I, p. 157. 


ct filly 
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The condition of integrability takes the form 


| 


Of f f 22)’ 

We have seen that, unless S is a skew helicoid with plane director, {'}} + 0, 


{?} +0. Hence, excluding this exceptional case, we find, for the conditions 


that there be an infinity of surfaces S,, 


oul 2 "ts 


§ 4. Surfaces associate to S. 


We have shown elsewhere* that the codrdinates, x’, y', 2’, of an associate 
surface of the surface S are given by the quadratures 


Ox’ Ox Oa Oa 
(22) Ou Ov’ Ov Ou’ 


where y« and o are a pair of solutions of the equations 
Op 22 11 


Oc fil 22 


(23) 


On comparing these equations with (3) we remark that an associate surface, > , 
is determined by the pair of solutions 

D, 
If the fundamental functions for = be denoted by 2’, Ff’, G’; A, A’, A”, it 
follows from (5) and (22) that 


(24) 


E’ =e"G Ff’ = G’ =e 
(25) 
A’ = 0 


* Assuciate surfaces, Mathematische Annalen, vol. 68 (1906), p. 507. 


(20) 
— 
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From these values it follows that the total curvature of = is equal to unity. 


Hence > is a spherical surface. 
Since S is referred to its asymptotic lines, the spherical representation of the 
parametric lines satisfies the condition 
12)’ 
9 ’ 


that is, the parametric system on > is a conjugate system with equal tangential 


96 f12 } 

Jj ~ év 
invariants. 

Conversely, given a system of lines on the sphere satisfying the condition (26), 
we seek the other conditions to be satisfied in order that it may represent a con- 
jugate system on a spherical surface. Now 

AA” 1 
where the linear element of the spherical representation of = is written 
do* = Edu? + 2Fdudv + Gdv’*. 


We replace the above equation by the two 


A A” 


yt —t 


= 
V EG — F? EG —F* 


If these values be substituted in the Codazzi equations * 


l2J 125 


eu \ VEG — F? 1J lis 


we get equations (18). Hence, if we have a spherical surface referred to a con- 


’ 


jugate system with equal tangential invariants, we have a solution of equations 
, applicable to the surface S associate to = 
and upon which the parametric lines are asymptotic. It is well known that the 


(18) and thus can get a surface S 


surface S is found by quadratures. Therefore the problem of finding surfaces 
capable of a deformation in which the asymptotic lines become conjugate on the 
new surface is equivalent to the problem of finding spherical surfaces referred 
to conjugate systems with equal tangential invariants. And we have the 
theorem : 

The surfaces associate to a spherical surface can be deformed in such a way 
that on one of the deforms the virtual asymptotic lines form a conjugate sys- 
tem ; and they are the only surfaces possessing this property. 


* BIANCHI, Lezioni, I, p. 166. 
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It is evident from this theorem that when a surface can be deformed in the 
above manner in an infinity of ways it has an infinity of spherical surfaces 
associate to it. 

§ 5. Hazzidakis transformations. 


We proceed now to the consideration of the surface S,. Since the para- 
metric system is composed of virtual asymptotic lines, equation (10) is satisfied 
and consequently these lines form a conjugate system with equal point invari- 
ants. We have shown* that, when a surface is referred to such a family of 
lines, an associate surface is given by the quadratures 
(21) 

Ou Cu Cv Cv 
and similar quadratures for »,, £,, where (&,, 7,, £,) are the coordinates of the 
associate =, and the function A is given by 


log 12 © log 12 
2 == — 2 —-=—2 
Ov 1 } Cu 2 J, 
Since S, is applicable to S, it follows from (1) that + 
= 


From these results it follows that the fundamental functions of the associate 
surface denoted by Gi; A,, A’, have the values 


(29) 
A, = A, = 0, A, = 


Since S and S, are applicable, it follows that the expression for the total curva- 
ture of =, 
Incidentally, we remark from (29) that if S admits of more than one appli- 


reduces to unity, that is =, is a spherical surface. 


cable surface of the kind S, all of the corresponding associate surfaces =, will 

be applicable to one another with their parametric lines in correspondence. 
From the form of equations (27) it follows that the parametric system on =, 

is conjugate and that the point invariants are equal. Moreover, if the Chris- 


toffel symbols 
follows that we must have 


are formed with respect to the linear element of =,, it 


(30) 


p. 531. 
t Another surface is given by 2 == — D’/H, but it is symmetric to this one with respect to the 
origin. 
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Conversely, given a surface of unit total curvature referred to a conjugate 
system with equal point invariants, and let &, »,, ¢ be its rectangular coordi- 
nates, then the surface of codrdinates #,, y,, z, determined by the quadratures 
(27) where X is given by (30) is an associate of =. Between the gaussian 
curvatures of two surfaces associate to one another by means of equations of the 
form (27) the following relation exists: * 


kK, 
For the present case it is 
1 


This result and equations (28), which are the same as (30), show that the para- 
metric system on S, is virtual asymptotic and from (27) it follows that it is 
conjugate. 

We gather together the foregoing results into the following theorems : 

When a surface admits of an applicable surface upon which the virtual 
asymptotic lines form a conjugate system, and either surface is referred to its 
asymptotic lines, an associate of each surface can be found by quadratures ; 
these associates are spherical surfaces and have the same second quadratic 
forms. 

When a spherical surface is referred toa conjugate system with equal point 
or tangential invariants, u surface ussociate to it can be found which admits 
of a deformation such that the virtual asymptotic lines are conjugate. 


The general equation of the lines of curvature of a surface is + 
(ED'— FD) di’ +( ED" — GD) du dv + — GD')de’? =9. 
For > this reduces to 
(31) + ( — Ge'/)\ dude — Fdv? = 90, 


where /’, F', G are the first coefficients of S referred to its asymptotic lines. 
, is like- 


wise (31). Sinee = and >, have their lines of curvature in correspondence 


From (29) it follows that the equation for the lines of curvature of = 


and the same second quadratic forms, they are the Hazzidakis transforms of 
one another.{ Since each spherical surface has a unique Hazzidakis transform, 
it follows that the surface =, is the same no matter which conjugate system with 
equal point or tangential invariants is taken for the parametric system. Hence 


we have the theorems: 


* Loc. cit., p. 506. 
t BIANCHI, Lezioni, I, p. 128. 
t Surfaces of constant curvature, ete., these Transactions, vol. 6 (1905), p. 478. 
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When a spherical surface is referred toa conjugate system with equal point 
or tangential invariants, its Hazzidakis transform can be found by quadratures. 

The surfaces S, into which the associates S of a spherical surface = are 
deformed so that virtual asymptotic lines are conjugate are the associate surfaces 
of the Huzzidakis transform of >. 

From the general expressions for the coefficients of the spherical representa- 
tion of a surface referred to a conjugate system * one deduces by means of (25) 


and (29) that the coefficients of the spherical representation of = and >, are 


we 
E= E, F = 77? F, = G, 
E,=e G, Fi = 772 I G, =e I? E. 


Comparing these expressions with (25) and (29), we see that each of the sur- 


faces & and >, is applicable to the spherical representation of the other. 


$6. Conjugate systems with equal point and tangential invariants. 


In consequence of the foregoing result, if the conjugate system on > corre- 
sponding to the asymptotic lines on S has equal point invariants, the correspond- 
ing system on >, has equal tangential invariants. Hence: 

When there is known a spherical surface referred to a conjugate system with 
equal point and tangential invariants, another spherical surface can be found 
upon which the corresponding lines form a conjugate system of the same kind ; 
it is the Hazzidakis transform of the given surface. 

We inquire under what conditions a conjugate system is of this kind. The 
Codazzi equations for = can be written in the form 


(75) Ov “ish * du =" 


In terms of the functions of = equation (26) can be put in the form 


Oo ( A’ (11) Of A (22) 
Ou\ A (2 Fe iy 
Hence it follows from (32) that the necessary and sufficient condition that the 


point invariants be equal is 


A 
By a suitable choice of parameters this can be replaced by 


A= A". 


* BIANCHI, Lezioni, I, p. 150. 
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But the necessary and sufficient conditions that a conjugate system on a spher- 
ical surface be isothermal-conjugate are * 


( 11)’ 22 )’ Both fil) 
(33) las tiasr® isi ties 
which are equivalent to 

OG OF DE oG OF 
Cu 


Eliminating E — G from these equations, we get 


(; = 
Cw ow” 


F= O(u + iv) + iv), 


so that 


where ® is an arbitrary function and ©®, is its conjugate, as we are confining 
ourselves to the consideration of real surfaces, and 
E—G= —i[®(u+iv)—®,(u—iv)]. 


In order that the conditions of the problem be satisfied, the function ® must be 
such that these values of E, F, G satisfy the Gauss equation for the sphere and 
the equation (26). 

We assume that the representation of S is of this kind. Equation (19) 


o Bit -- 
t 1\2 9. 


This is satisfied by e' = 1, which is a solution of equations (18). From this it 


reduces to 


is seen that if there are more than one surface of the kind there are an infinity 
of them and the condition of the latter case is 


22)" 


cul 2) “t2)C19 
Since the conjugate virtual asymptotic lines on S, have equal tangential 
invariants, one finds the coordinates of an associate S; of S, by the quadratures 
of the form 


Cr, On, On, 
where 
dD, 
77, o = 
Pua. 
(35) 


* BrANCHI, Lezioni, I, p. 168. 


bo 
or 
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Moreover, we have shown* that these functions u’ and o’ are solutions of 


Op’ 22) Co’ ,f 11) ,f 22) 
where the Christoffel symbols {’*}, are formed with respect to the linear 


element of S, and consequently of S. Hence these equations are the same as 
equations (23), so that we can find a surface S’ associate to S by means of the 
quadratures of the form 


36 Cx’ Or Ca’ 
du ~ dv’ Cv Cu’ 


where ’ and o” have the values (35). We see at once that the two surfaces S’ 
and S' are applicable, for they have the same linear element 


Gd? + Fdudv + Ede’, 


and the parametric lines are conjugate on S’ and asymptotic on S). 
Taking e' = 1, we get from (5), (25), and (29), 


(37) A=A", D,=—D", A,=A". 


1 


Moreover, the linear elements of = and =, reduce to 


l 
9 9 


Dd 
yr! + 2¥dudv + Ede’), rr! — 2Fdudv + Gdv*), 


showing that the surfaces are the Hazzidakis transforms of one another.* 
If we denote by (D), (D’), (.D”) the second fundamental functions of S‘, it 
follows from (36) that 


(D)="vD, (D)=0, (D')=cD. 


But = — hence 


Therefore S’ and S; are associate surfaces of = and =, respectively ; con- 
sequently S’ can be found from = by making use of the fact that the conjugate 
parametric system has equal point invariants, and S| from =, from the stand- 
point that the conjugate system has equal tangential invariants. In both cases 
the determination requires only quadratures. Hence we have the theorem : 
When a spherical surface has an isothermal-conjugate system with equal 
tangential invariants and this system is parametric, one can find by quadra- 
tures two surfaces which can be deformed in such a way that the asymptotic 
lines become conjugate ; and these new surfaces are associate surfaces of the 


Hazzidakis transform of the given spherical surface. 


* Surfaces of constant curvature, etc., Transactions, vol. 6 (1905), p. 478. 
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In this connection we have been considering the case where a surface S has 
only one surface S, applicable to it with its virtual asymptotic lines conjugate. 
In case there are more than one, for each surface S, there is a spherical surface 
> associate to S. 

From (37) it is seen that if we put 


ve utr, 


the curves u, = const. and v, = const. on S, are asymptotic and on S conjugate. 


And the equation of the asymptotic lines on S is of the form 
A( du; — dv?) =0. 


Recalling the preceding results, we see that the function ¢,, by means of which 
S is formed from S, when the latter is referred to its asymptotic lines, is zero 
also. Consequently when the asymptotic lines on S satisfy the conditions (33), 
a similar set of equations are satisfied by the spherical representation of the 
asymptotic lines of S,. And in all respects it can be shown that the relation 
between the surfaces S and S, and the surfaces adjoined to them is perfectly 
reciprocal, 
§ 7. Minimal surfaces. 
As an example of the foregoing results, we consider the case where S is a 


minimal surface. By a suitable choice of parameters we can put 
(38) E=G=-, F=0, ==-—A, 
where A denotes the Gaussian curvature. Equations (34) are evidently satisfied, 
as is also equation (26). The linear element of S is 
(39) d:* = p( du? + dv) 
and )’=1. Hence for the value = 1, 
D,= — =1, 


so that S, is the minimal surface adjoint to S. From (25) and (29) it is seen 
that > and =, are each the unit sphere and corresponding points coincide. And 
from (35) and (36) it follows that S’ coincides with S, and S‘ with S. 

We inquire whether there are any other surfaces S, applicable in the desired 
way to a minimal surface. Now equations (18) reduce to 


(40) = — 5, log Vv p(1—e™*) ou to, VPC =9, 
and the equation (19) becomes 
(e — p = 
Oudv 
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Neglecting the solutions e' = + 1, which we considered above, we see that equa- 


tions (40) are integrable when 


But the functions ¢(w) and y(v) are not arbitrary, for there remains to be 
satisfied the Gauss equation of the sphere,* which is now 


9 


This is satisfied by the above value of p only in case ¢ or y is equal to a con- 
stant.+ Hence all the surfaces S, are surfaces of revolution referred to their 
meridians and parallels, and the surface S, corresponding to the solution ¢ = 0 
is the eatenoid. Hence S is the skew helicoid with plane director. 

By a suitable choice of parameters the linear element of the skew helicoid 


with plane director can be reduced to the form 


ae")? 


4 (du? + dv’). 


(41 ) ds’ 
Now the general integral of equations (40) is 


9 


(42) c= — 
V (e“+ ae +4 


where } is the constant of integration. When 1=0, S, is the catenoid and 
for the other values of } the surfaces S, are the surfaces of revolution into which 
the catenoid can be deformed with preservation of the lines of curvature.t 

From equations (25), (41) and (42), we find the following expressions for the 
fundamental functions of the spherical surface = associate to S: 


43) = 16 F’=0 ee 4 4 
( (e"+a°e-")* b+4(e"+ ae (e“+a@e"y ° 

V (e"+are" Pb + 4(e%+ ate-")?’ (e“+@e"P 


From these values it is found that = is a sphere only in case} =0. We have 


seen that all the spherical surfaces =, associate to S, are applicable to one 


another and to the spherical representation of =, that is, their linear element is 
(45) do’? = du’ + 


and their second fundamental quantities are given by (44). 


* BIANCHI, Lezioni, I, p. 93. 
t Ibid., II, p. 45. 
t Ibid., I, p. 232. 
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We apply now to this case the results of the preceding section for the deter- 
mination of the surfaces S’ and S|. Since the surface = is applicable to the 
spherical representation of S,, the last two of equations (35) can be replaced by 


Ologp,_ 12 ) Ologp, 12) 


of which the solution, without loss of generality, is 


A= 
in consequence of (43). Hence 
2 
[(e"+ 
so that the linear element of the surface S’ and S} is 
(e" + 16du* 
+4] 44}? 
and the respective second fundamental quantities are 
(D)=p, (D’)=0, 
(D,)=9, (Dv) =0. 
From these results it is seen that S’ is minimal only when 4 = 0, in which case 
it is the catenoid ; moreover, S{ is a minimal surface for all values of } and is 
applicable upon a surface of revolution. 
Another solution of equations (84) is E=@G@; F=const. For the sake of 


convenience we put 
E = G = cosh @, F=1, EG — F* = sinh’ 
Equation (26) becomes 


1 ra (; 1 06 0 
Cu \ sinh Cu ) ~ Ov\ sinh @ Or ) 


of which the general integral is 
6 
tanh , = d(u+v)-v(u—v), 
where ¢ and y are arbitrary functions. The Gauss equation * for the sphere is 


2 + 2sinh = 0. 


* BIANCHI, Lezioni, I, p. 93. 


| 1 


to 
© 
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When the above value of @ is substituted, this equation becomes 


1-¢¥ 


where the primes denote differentiation with respect to the argument. If we 


(46) +1=0, 


differentiate this equation consecutively with respect to wu + v and w—v, we 
get 
oo yy 42 + = 
=": 


Hence either ¢’ or yy’ must be zero. Let it be the latter and take y~ = 1; then 
the integral of (46) is given by the quadrature 


dd 
= 
J 


where c is a constant of integration, the additive constant being taken equal to 
zero without loss of generality. 

In terms of this function ¢ the coefficients of the linear element of the 
spherical representation of S are given by 


1+¢ 
E=G=, F=1 
From the equations 
log p gf 12) log p o 
we find 
P= 1— ¢*, 


and consequently 
F=—p¥=(1-— ¢’)’, D' = pV EG — F* = 26. 


For the coefficients of the linear element of the spherical representation we 
have 


and from (35) 


Therefore the linear element of the surfaces S’ and S| is 


(47) del” [(1 — $*)du? + 2(1 — ¢*)?dudv + (1 — $')dv*], 


Trans, Am. Math. Soc. 9 
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and the coefficients of the second quadratic forms of these surfaces are respec- 
tively 


The parameters of the lines of curvature on S are given by 
u+v=%, u—v=2,- 
In terms of these parameters the two quadratic forms of S are 
ds? = (1 — [ dui + dvi], 
p(du; — dv>). 
Hence S is a surface of revolution. Moreover, these are the parameters of the 


asymptotic lines on S,, hence S, is a minimal surface. In like manner (47) 
becomes 
ds’ = (du? + ¢'dv7), 
and the curves wv, = const., v, = const. are the asymptotic lines on S’. More- 
over, the curves v, = const. are geodesics ; consequently S’ is the skew helicoid 
with plane director. Hence the surfaces S which we have just been considering 
are the surfaces S’ corresponding to the case where S is the skew helicoid. 
§$ 8. Spherical representation of the surfaces S). 

We return to the consideration of the general problem and write the linear 
element of the spherical representation of S,, referred to its conjugate virtual 
asymptotic lines, in the form 


(48) da; = E, + 2F dudv + G, dv’. 


Between the Christoffel symbols {’’ }’, formed with respect to (48) and those 
with respect to the linear element of S and S, the following relations obtain : * 


(11) OlogD, (11)’ (12) (22) 
(49) 

f22\ Clog D; (22) f12) D,f22\' D, {12)’ 


( log D,_ fil 12 ~{7T he. 
(50) 
| Oloo D 9 22 | 3 (12 | fil —2t 


* BIANCHI, Lezioni, I, p. 167. 


2 2 
From (3), (5) and (6) we get : 


a 
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By means of (49), (50), and 
(51) —e, 


equations (6) can be put in the form 


Ct Poe 22 | 

its: teh 
(52) 

Ct f 11) 

ou ™ © | 1 


The condition of integrability of these equations reduces to the form 


(53) A,e*+ Be*+C=9, 
where for the sake of brevity we have put 
22 f 22)" 22) 


In terms of the symbols { "’ }; equations (3) and ( (60) have the forms 


and 
Ou 
(56) 
OlogD,” £12)’. £22)’ fll)’, 


The conditions of integrability of these expressions are reducible to 


fil of 22 } )=o, 
1 5,t8 J, 


1 
Oo 22)’ 11 
—2t 9 . 
— + 8e 2} 


which, when added together, give equation (53). 


Be" A, — +2(5, 
(57) 


It is evident that there is at most one value of e* which satisfies equations 
(53) and (57). Suppose that we have a common solution of them and that it 
satisfies equations (52). From (55) and (56) we find D,, D7 by quadratures 


| 
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and the corresponding surface S, is capable of a deformation in which the para- 
metric lines become asymptotic. For the total curvature of S, is given by 


1 EG-F? 


which is such that 
Ou | 2J Ov 2 


But this is the condition that there be a surface S with the same linear element 
as S, and with asymptotic lines parametric. 
By means of equations (49) and (56) the first two of equations (13) can be 

put in the form 

6 12)’ 512)’ 

But these are the necessary and sufficient conditions that the curves upon the 
sphere represent the asymptotic lines upon a surface whose total curvature is of 
the form 


1 
[o(u) + 


Hence when a surface S is applicable upon an infinity of surfaces S, with the 


(58) =a 


virtual asymptotic lines conjugate on the latter, each vj the surfaces S, is asso- 
ciate to a surface whose total curvature is of the form (58), when the asymptotic 
lines of this surface are parametric. 

From (53) and (57) it is seen that in order that there be more than one sur- 
face S, with the given spherical representation, it is necessary and sufficient that 


a) 99 >» 
A,=B8,=C,=9, xii} 
1 
But these are equations of the same form 4s equations (20). Hence when a 
system of lines on the sphere represents the asymptotic lines on a surface S 
applicable to an infinity of surfaces S, with conjugate virtual asymptotic lines, 
these lines represent the conjugate ens upon an infinity of surfaces S’ each of 
which is applicable to a surface S; upon which the asymptotic lines are 
parametric. 

We consider this case and fix our attention upon one of the surfaces S’. We 
know that there is a spherical surface >’ associate to it, which is referred to a 
conjugate system with equal point invariants. But the tangential invariants 
also are equal. Hence the conditions (33) must be satisfied; consequently 


equations (20) reduce to 


i] 
J 
| 
| 
| 
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(59) au log 1 ef=- 2 1 


From these equations we find 


so that 
11 }’ 22 )’ 
{', }=ar, r= AU’, 


where ) is an auxiliary function, V and V are functions of wu and v alone and 
the primes indicate differentiation. Substituting in (59) and integrating, we get 


1 


04 V) 


Hence equations (20) can be replaced by 


fll 

Lis ~~ ~2(04+ 07)’ 
(60) 

V 

L257 "135" 
Equations (18) reduce to 

Cu V)’ 
(61) 
ot Vv’ 


t 


Neglecting for the moment the solution 

(62) e*=1, 

the integrals of these respective equations are 


where y(v) and ¢(w) are arbitrary functions of v and uw. Since equations 
(61) are simultaneous, we get on dividing the above equations 


Substituting in (63), we have 


o+~=—(U+ 


Plog (11)' ¢ 22)’ 
Oudv | 2 J 1 J 
dv +V) 


} 
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Consequently 
1 1 


c 


where c is an arbitrary constant. Hence the general integral of equations (61) is 


e+V 


(64) 


From (5), (22), (24) and (25) we obtain the following theorem : 
When a surface S is applicable to an infinity of surfaces S, with the virtual 
asymptotic lines of the latter conjugate, the fundamental coefficients of the sur- 


faces S, are given without quadrature ; the surface S is associate to an infinity 


of spherical surfaces = whose rectangular coordinates are given by quadratures ; 
and the integration of the equations of the asymptotic lines on the surfaces = 
reduces to quadratures. 


PRINCETON, 
June, 1906. 
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